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Introduction 



The principal aim of this paper is to show the following three theorems on the resolution 
of singularities of an arbitrary reduced excellent scheme X of dimension at most two. 

Theorem 0.1 (Canonical controlled resolution) There exists a canonical finite sequence 
of morphisms 

TT : X' > . . . > Xi > Xo^X 

such that X' is regular and, for each i, Xi^i — > X^ is the blow-up of X^ in a permissible 

center Di C Xi which is contained in {Xi)siny, the singular locus of X^. This sequence 
is functorial in the sense that it is compatible with automorphisms of X and (Zariski or 
etale) localizations. 

We note that this implies that vr is an isomorphism over Xreg = X — Xsing, and we recall 
that a subscheme C X is called permissible, if D is regular and X is normally fiat along 
D (see 2.1). The compatibility with automorphisms means that every automorphism of X 
extends to the sequence in a unique way. The compatibility with the localizations means 
that the pull-back via a localization [/ — > X is the canonical resolution sequence for U 
after suppressing the morphisms which become isomorphisms over U. It is well-known 
that Theorem 0.1 implies: 

Theorem 0.2 (Canonical embedded resolution) Let i : X ^ Z be a closed immersion, 
where Z is a regular excellent scheme. Then there is a canonical commutative diagram 

X' Z' 



X z 

where X' and Z' are regular, i' is a closed immersion, and tt and t\z o-f^ proper and 
surjective morphisms inducing isomorphisms tt~^{X — Xging) X — Xging and 7t^^{Z — 
^sing) —^Z — Xsing- Morcovcr, the morphisms tt and nz are compatible with automor- 
phisms of{X,Z) and (Zariski or etale) localizations in Z. 

In fact, starting from Theorem 0.1 one gets a canonical sequence Z' = Z„ — > . . . Zi — > 
Zq — Z and closed immersions X^ ^ Z^ for all i, such that Zj+i — > Zj is the blow-up 
in a regular center Di contained in {X^^ing and Xj+i C Zj+i is identified with the strict 
transform of Xi in the blow-up Zj+i Zi. Then Zi^\ Zi is proper (in fact, projective) 
and surjective, and Zj+i is regular since Zi is. 

For several applications the following refinement is useful: 

Theorem 0.3 (Canonical embedded resolution with boundary) Leti : X ^ Z be a closed 

immersion into a regular scheme Z, and let B G Z be a simple normal crossings divisor 
such that no irreducible component of X is contained in B (equivalently, {Z — B) n X is 
dense in X). Then there is a canonical commutative diagram 

X' Z' B' 







■Kz 




■Kb 













X Z B 
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where i' and k' are closed immersions, ttx, t^z md tcb are projective, surjective, and 
isomorphisms outside Xging U (X fl B), and B' = n^^(B) U E, where E is the exceptional 
locus ofTTz (which is a closed subscheme such that ttz is an isomorphism over Z — t:z{E) ). 
Moreover, X' and Z' are regular, B' is a strict normal crossings divisor on Z' , and 
X' intersects B' transversally on Z' . Furthermore, ttx, t^z o-nd ttb are compatible with 
automorphisms of {Z, X, B) and with (Zariski or Stale) localizations in Z. 

More precisely, we prove the existence of a commutative diagram 

TTB : B' = B^ > B^_i > . . . > Bi > Bo = B 



TTz ■ Z' — Zyn ^ ^ ■ ■ ■ -^1 ^ Zq — Z 

-K : X' = Xm > Xm-1 > • • • > Xi > Xq = X 

where the vertical morphisms are closed immersions and, for each X^+i = B££,.[Xi) — > 
Xi is the blow-up of Xi in a permissible center Di C {Xi)ging, Zi+i = Blu-^Zi) — > Zi 
is the blow-up of Zi in Di (so that Z^+i is regular and X^+i is identified with the strict 
transform of Xi in ^j+i), and -Bj+i is the complete transform of Bi, i.e., the union of 
the strict transform of Bi in Zj+i and the exceptional divisor of the blow-up Zj+i Zi. 
Furthermore, is i?j-permissible, i.e., Di C Xi is permissible, and normal crossing with 
Bi (see Definition 3.1), which implies that -Bj+i is a simple normal crossings divisor on 
Zj+i if this holds for B^ on Z^. 

In fact, the second main theorem of this paper. Theorem 5.9, states a somewhat more 
general version, in which B can contain irreducible components of X. Then one can 
assume that Di is not contained in the strongly 5j-regular locus Xj^srcg (see Definition 
5.1), and one gets that X' is normal crossing with B (Definition 3.1). This implies that 
TT is an isomorphism above X^sreg ^ ^regi and, in particular, again over X^^g — B. In 
addition, this Theorem also treats non-reduced schemes X, in which case {X')red is regular 
and normal crossing with B and X' is normally flat along {X')red- 

Moreover, we obtain a variant, in which we only consider strict transforms for the normal 

crossings divisor, i.e., where -Bj+i is the strict transform of Bi. Then we only get the 
normal crossing of X' (or X'^^^ in the non-reduced case) with the strict transform B oi B 
in Z'. 

Theorem 0.1, i.e., the case where we do not assume any embedding for X, will also 
be proved in a more general version: Our first main theorem. Theorem 5.6, allows a 
non- reduced scheme X as well as a so-called boundary on X, a notion which is newly 
introduced in this paper (see section 4). Again this theorem comes in two versions, one 
with complete transforms and one with strict transforms. 

Our approach implies that Theorem 5.6 implies Theorem 5.9. In particular, the canonical 
resolution sequence of Theorem 5.9 for 5 = and strict transforms (or of Theorem 0.3 
for this variant) coincides with the intrinsic sequence for X from Theorem 0.1. Thus, the 
readers only interested in Theorems 0.1 and 0.2 can skip sections 3 and 4 and ignore any 
mentioning of boundaries/normal crossings divisors (by assuming them to be empty). 
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We note the following corollary. 

Corollciry 0.4 Let Z be a regular excellent scheme (of any dimension), and let X G Z 
be a reduced closed subscheme of dimension at most two. Then there exists a projective 

surjective morphism tt : Z' — > Z which is an isomorphism over Z — X , such that 7r~^{X), 
with the reduced subscheme structure, is a strict normal crossings divisor on Z'. 

In fact, applying Theorem 0.3 with B — we get a projective surjective morphism 
TTi : Zi — > Z with regular Zi, a regular closed subscheme Xi C Zi and a strict normal 
crossings divisor Bi on Zi such that tti is an isomorphism over Z — X (in fact, over 
Z — (Xsing)), and 7rj~^(X) = Xi U Bi. Moreover, Xi and Bi intersect transversally. In 
particular, Xi is normal crossing with Bi in the sense of Definition 3.1. Hence we obtain 
the wanted situation by composing tti with tt^ : Z' — > Zi, the blow-up of Zi in the 
Si-permissible (regular) subscheme Xi, and letting X' — 7rJ^(Xi U Bi) which is a simple 
normal crossings divisor, see Lemma 3.2. 

Moreover we mention that Theorem 0.3 is applied in a paper of the second and third 
author [JS], to prove a conjecture of Kato and finiteness of certain motivic cohomology 
groups for varieties over finite fields. This was a main motivation for these authors to 
work on this subject. 

To our knowledge, none of the three theorems is known, at least not in the stated gener- 
ality. Even for dim(X) = 1 we do not know a reference for these results, although they 
may be well-known. For X integral of dimension 1, Theorem 0.1 can be found in [Be] 
section 4, and a proof of Theorem 0.3 is written in [Ja]. 

In 1939 Zariski [Zal] proved Theorem 0.1 (without discussing canonicity or functoriality) 
for irreducible surfaces over algebraically closed fields of characteristic zero. Five years 
later, in [Za3], he proved Corollary 0.4 (again without canonicity or functoriality) for 
surfaces over fields of characteristic zero which are embedded in a non-singular threefold. 
In 1966, in his book [Ab3], Abhyankar extended this last result to all algebraically closed 
fields of positive characteristic 7^ 2, 3, or 5, making heavy use of his papers [Ab2] and 
[Ab4]. Around the same time, Hironaka [H6] sketched a shorter proof of the same result, 
over all algebraically closed ground fields, based on a different method. Recently a shorter 
account of Abhyankar's results was given by Cutkosky [Cu2]. For all excellent schemes of 
characteristic zero, i.e., whose residue fields all have characteristic zero, and of arbitrary 
dimension. Theorems 0.1 and 0.3 were proved by Hironaka in his famous 1964 paper 
[HI] (Main Theorem 1*, p. 138, and Corollary 3, p. 146), so Theorem 0.2 holds as well, 
except that the approach is not constructive, so it does not give canonicity or functoriality. 
These issues were addressed and solved in the later literature, especially in the papers by 
Villamayor, see in particular [Vi], and by Bierstone-Millman, see [BM], by related, but 
different approaches. In these references, a scheme with a fixed embedding into a regular 
scheme is considered, and in [Vi], the process depends on the embedding. The last issue 
is remedied by a different approach in [EH]. In positive characteristics, canonicity was 
addressed by Abhyankar in [Ab5]. 

There are further results on a weaker type of resolution for surfaces, replacing the blowups 
in regular centers by different techniques. In [Za2] Zariski showed how to resolve a surface 
over a not necessarily algebraically closed field of characteristic zero by so-called local 
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uniformization which is based on valuation-theoretic methods. Abhyankar [Abl] extended 
this to all algebraically closed fields of positive characteristics, and later extended several 
of the results to more general schemes whose closed points have perfect residue fields. 
In 1978 Lipman [Li] gave a very simple procedure to obtain resolution of singularities 
for arbitrary excellent two-dimensional schemes X in the following way: There is a finite 
sequence X„ — X„ ^ . . . Xi ^ X of proper surjective morphisms such that X„ is regular. 
This sequence is obtained by alternating normalization and blowing up in finitely many 
isolated singular points. But the processes of uniformization or normalization are not 
controlled in the sense of Theorem 0.1, i.e., not obtained by permissible blow-ups, and 
it is not known how to extend them to an ambient regular scheme Z like in Theorem 
0.2. Neither is it clear how to get Theorem 0.3 by such a procedure. In particular, these 
weaker results were not sufficient for the mentioned applications in [JS]. This is even 
more the case for the weak resolution of singularities proved by de Jong [dJ]. 

It remains to mention that there are some results on weak resolution of singularities for 
threefolds over a field k by Zariski [Za3] (char(/c) = 0), Abhyankar [Ab3] {k algebraically 
closed of characteristic 2, 3, 5) - see also [Cu2], and by Cossart and Piltant [CPl], [CP2] 
{k arbitrary), but this is not the topic of the present paper. 

Our approach is roughly based on the strategy of Levi-Zariski used in [Zal], but more 
precisely follows the approach (still for surfaces) given by Hironaka in the paper [H6] 
cited above. The general strategy is very common by now: One develops certain invariants 
which measure the singularities and aims at constructing a sequence of blow-ups for which 
the invariants are non-increasing, and finally decreasing, so that in the end one concludes 
one has reached the regular situation. The choices for the centers of the blow-ups are 
made by considering the strata where the invariants are the same. In fact, one blows 
up 'the worst locus', i.e., the strata where the invariants are maximal, after possibly 
desingularising these strata. The main point is to show that the invariants do finally 
decrease. In characteristic zero this is done by a technique introduced by Hironaka in 
[HI] , which is now called the method of maximal contact (see [AHV] and Giraud's papers 
[Gi2] and [Gi3] for some theoretic background), and an induction on dimension. 

But it is known that the theory of maximal contact does not work in positive characteristic. 
There are some theoretic counterexamples in [Gi3], and some explicit counterexamples for 
threefolds in characteristic two by Narasimhan [Nal], see also [Co2] for an interpretation 
in our sense. It is not clear if the counterexamples in [Na2] , for threefolds in any positive 
characteristic, can be used in the same way. But in section 15 of this paper, we show 
that maximal contact does not even exists for surfaces, in any characteristic, even if 
maximal contact is considered in the weakest sense. Therefore the strategy of proof has 
to be different, and we follow the one outlined in [H6], based on certain polyhedra (see 
below). That paper only considers the case of a hypersurface, but in another paper [H3] 
Hironaka develops the theory of these polyhedra for ideals with several generators, in 
terms of certain 'standard bases' for them (which also appear in [HI]). The introduction 
of [H3] expresses the hope that this theory of polyhedra will be useful for the resolution of 
singularities, at least for surfaces. Our paper can be seen as a fulfilment of this program. 

In his fundamental paper [HI], Hironaka uses two important invariants for measuring the 
singularity at a point x of an arbitrary scheme X. The primary is the z/-invariant ^'^(X) e 
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N^, and the secondary one is the dimension e^iX) G N (with < ex{X) < dim(X)) of 
the so-called directrix Dira;(X) of X at x. Both only depend on the cone C^(X) of X 
at X. Hironaka proves that for a permissible blow-up X' X and a point x' G X' with 
image x & X the i/- invariant is non-increasing: < i'*{X). If equality holds here 

(one says x' is near to x), then the (suitably normalized) e-invariant is non-decreasing. So 
the main problem is to show that there cannot be an infinite sequence of blow-ups with 
'very near' points x' ^ x (which means that they have the same v- and e-invariants) . 

To control this, Hironaka in [H3] and [H6] introduces a tertiary, more complex invariant, 
the polyhedron associated to the singularity, which lies in ]R>o- It depends not just on 
Cx{X), but on the local ring Ox,x of X at a; itself, and also on various choices: a regular 
local ring R having Ox,x as a quotient, a system of regular parameters yi, . . . , yr, ui, . . . ,Ue 
for R such that ui,...,Ue are 'parameters' for the directrix Dirx{X), and equations 
/i, . . . , /m for Ox.x as a quotient of R (more precisely, a (M)-standard base of J = ker(i? — > 
^x,x) )• In the situation of Theorem 0.2, R is naturally given as Oz,x, but in any case, 
such an R always exists after completion, and the question of ruling out an infinite se- 
quence of very near points only depends on the completion of Ox,x ^ well. In the case 
considered in section 13, it is not a single strictly decreasing invariant which comes out 
of these polyhedra, but rather the behavior of their shape which tells in the end that 
an infinite sequence of very near points cannot exits. This is sufficient for our purpose, 
but it might be interesting to find a strictly decreasing invariant also in this case. In the 
particular situation considered in [H6] (a hypersurface over an algebraically closed field), 
this was done by Hironaka; see also [Ha] for a variant. 

As a counterpart to this local question, one has to consider a global strategy and the 
global behavior of the invariants, to understand the choice of permissible centers and the 
global improvement of regularity. Since the z/-invariants are nice for local computations, 
but their geometric behavior is not so nice, we use the Hilbert-Samuel invariant Hq^ ^ G 
as an alternative primary invariant here. They were extensively studied by Bennett 
[Be], who proved similar non-increasing results for permissible blow-ups, which was then 
somewhat improved by Singh [Sil]. Bennett also defined global Hilbert-Samuel functions 
Hx '■ X — * N^, which, however, only work well and give nice strata in the case of so-called 
weakly bicquidimensional excellent schemes. We introduce a variant (Definition 1.30) 
which works for arbitrary (finite dimensional) excellent schemes. This solves a question 
raised by Bennett. The associated Hilbert-Samuel strata 

X{u) ^{xeX\ Hx{x) = v} for i/ G , 

are then locally closed, with closures contained m. X{> v) = {x & X \ Hx{x) > v}. In 
particular, X{v) is closed for maximal v (here // > if ^{n) > i/(n) for all n). 

Although our main results are for two-dimensional schemes, the major part of this paper is 
written for schemes of arbitrary dimension, in the hope that this might be useful for further 
investigations. Only in part of section 5 and in sections 10 through 14 we have to exploit 
some specific features of the low-dimensional situation. According to our understanding, 
there are mainly two obstructions against the extension to higher-dimensional schemes: 
The fact that in Theorem 2.14 one has to assume char(A;(x)) = or char(A;(a;)) > dim(X), 
and the lack of good invariants of the polyhedra for e > 2, or of other suitable tertiary 
invariants in this case. 
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We have tried to write the paper in such a way that it is well readable for those who are 
not experts in resolution of singularities (like two of us) but want to understand some 
results and techniques and apply them in arithmetic or algebraic geometry. This is also 
a reason why we did not use the notion of idealistic exponents [H7]. This would have 
given the extra burden to recall this theory, define characteristic polyhedra of idealistic 
exponents, and rephrase the statements in [H5]. Equipped with this theory, the treatment 
of the functions defining the scheme and the functions defining the boundary would have 
looked more symmetric; on the other hand, the global algorithm clearly distinguishes 
these two. 

We now briefly discuss the contents of the sections. In the flrst section we discuss the 
primary and secondary invariants (local and global) of singularities mentioned above. In 
the second section we discuss permissible blow-ups and the behavior of the introduced 
invariants for these, based on the fundamental results of Hironaka and Bennett. 

In section 3 we study similar questions in the setting of Theorem 0.3, i.e., in a 'log- 
situation' X G Z where one has a 'boundary': a normal crossings divisor B on Z. We 
define a class of log-Hilbert-Samuel functions Hx, depending on the choice of a 'history 
function' O : X — > { subdivisors of B} characterizing the 'old components' oiM ai x E X. 
Then H^{x) = {Hx{x),n), where n is the number of old components at x. This gives 
associated log-Hilbert-Samuel strata 

X{u) = {xeX \ H^{x) = u} for i7 e X N . 

For a B-permissible blow-up X' X, we relate the two Hilbert-Samuel functions and 
strata, and study some transversality properties. 

In section 4 we extend this theory to the situation where we have just an excellent scheme 
X and no embedding into a regular scheme Z. It turns out that one can also define the 
notion of a boundary B on X: it is just a tuple {Bi, . . . , Bj.) (or rather a multiset, by 
forgetting the ordering) of locally principal closed subschemes B^ oi X. In the embedded 
situation X G Z, with a normal crossings divisor B on Z, the associated boundary 
Bx on X is just given by the traces of the components of B on X and we show that 
they carry all the information which is needed. Moreover, this approach makes evident 
that the constructions and strategies defined later are intrinsic and do not depend on 
the embedding. All results in section 3 can be carried over to section 4, and there is a 
perfect matching (sec Lemma 4.21). We could have started with section 4 and derived 
the embedded situation in section 3 as a special case, but we felt it more illuminating to 
start with the familiar classical setting; moreover, some of the results in section 4 (and 
later in the paper) are reduced to the embedded situation, by passing to the local ring 
and completing (see Remark 4.20, Lemma 4.21 and the applications thereafter). 

In section 5 we state the Main Theorems 5.6 and 5.9, corresponding to somewhat more 
general versions of Theorem 0.1 and 0.3, respectively, and we explain the strategy to prove 
them. Based on an important theorem by Hironaka (see [H2] Theorem (1,B) and the 
following remark), it suffices to find a succession of permissible blowups for which locally 
the Hilbert-Samuel invariants decrease. Although this principle seems to be well-known, 
and might be obvious for surfaces, we could not find a suitable reference and have taken 
some effort to provide a precise statement and (short) proof of this fact in any dimension 
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(see Corollaries 5.22 and 5.28). The problem arising is that the lexicographically ordered 
set N^, and even the subset of Hilbcrt functions, does not have the property that every 
strictly decreasing sequence is finite, contrary to some claims in the literature. We resort 
to the fact that the corresponding statement holds for the set of Hilbert polynomials. 
This is proved in Theorem 1.17; previously this was only known for Hilbert polynomials 
of monomial ideals. After these preparations we define a canonical resolution sequence 
(proof of Theorem 5.30). The proof of its finiteness is reduced to two key theorems. 
Theorem 5.34 and 5.38, which exclude the possibility of certain infinite chains of blow- 
ups with near (or 0-near) points. The key theorems concern only isolated singularities 
and hence only the local ring of X at a closed point x, and they hold for X of arbitrary 
dimension, but with the condition that the 'geometric' dimension of the directrix is < 2 
(which holds for dim(X) = 2). As mentioned above, for this local situation we may 
assume that we are in an embedded situation. 

As a basic tool for various considerations, we study a situation as mentioned above, where 
a local ring O (of arbitrary dimension) is a quotient R/J of a regular local ring R. In 
section 6 we discuss suitable systems {y, u) = {yi, . . . , Wi, . . . , u^) of regular parameters 
for R and suitable families / = (/i, . . . , J^) of generators for J. A good choice for (y, u) 
is obtained if u is admissible for J (Definition 6.1) which means that ui, . . . ,Ue are affine 
parameters of the directrix of O (so that e is the e-invariant recalled above). We study 
valuations associated to {y, u) and initial forms (with respect to these valuations) of 
elements in J and their behavior under change of the system of parameters. As for /, in 
the special case that J is generated by one element (case of hypersurface singularities), 
any choice of / = (/i) is good. In general, some choices of / = (/i, . . . , /„) are better 
than the other. A favorable choice is a standard basis of J (Definition 1.19) as introduced 
in [HI]. In [H3] Hironaka introduced the more general notion of a (M)-standard base of J 
which is more flexible to work with and plays an important role in our paper. 

In section 7 we recall, in a slightly different way, Hironaka's definition [H3] of the poly- 
hedron A(/, y, u) associated to a system of parameters (|/, u) and a (M)-standard basis 
/, and the polyhedron A(J, li) which is the intersection of all A{f,y,u) for all choices 
of y and / as above (with fixed u). We recall Hironaka's crucial result from [H3] that 
A{f,y,u) = A{J,u) if u is admissible and {f,y,u) is what Hironaka calls well-prepared, 
namely normalized (Definition 7.12) and not solvable (Definition 7.13) at all vertices. 
Also, there is a certain process of making a given (/, y, u) normalized (by changing /) 
and not solvable (by changing y) at finitely many vertices, and at all vertices, if R is 
complete. One significance of this result is that it provides a natural way of transforming 
a (M)-standard base into a standard base under the assumption that u is admissible. 

As explained above, it is important to study permissible blow-ups X' — > X and near 
points x' G X' and x E X. In this situation, to a system {f,y,u) at x we associate 
certain new systems (/', y', u') at x' . A key result proved in section 8 is that if / is a 
standard base, then /' is a (M')-standard base. The next key result is that the chosen 
u' is admissible. Hence, by Hironaka's crucial result mentioned above, we can transform 
(/', y\ u') into a system [g' , z\ u'), where g' is a standard base. 

The Key Theorems 5.34 and 5.38 concern certain sequences of permissible blowups, which 
arise naturally from the canonical resolution sequence. We call them fundamental se- 
quences of 5-permissible blowups (Definition 5.33) and fundamental units of permissible 
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blowups (Definition 5.36) and use them as a principal tool. These are sequences of B- 
permissible blowups 

^ . . . ^ Xi — » Xq = X , 

where the first blowup is in a closed point x E X (the initial point), and where the later 
blowups are in certain maximal 5-permissible centers Cj, which map isomorphically onto 
each other, lie above x, and consist of points near to x. For a fundamental sequence there 
is still a S-permissible center Cm C X^, with the same properties; for a fundamental unit 
there is none, but only a chosen closed point Xm £ (the terminal point) which is 
near to x. In section 9 we study some first properties of these fundamental sequences. In 
particular we show a certain bound for the 5-invariant of the associated polyhedra. This 
suffices to show the first Key Theorem 5.34 (deahng with the case e^iX) = 1), but is also 
used in section 14. 

For the second Key Theorem 5.38 (deahng with the case e^iX) = 2), one needs some more 
information on the (2-dimensional) polyhedra, in particular, some additional invariants. 
These are introduced in section 10. Then Theorem 5.38 is proved in the next three 
sections. It states that there is no infinite sequence 

... — > A2 — > Xi — > Xq 

of fundamental units of blow-ups such that the closed initial points and terminal points 
match and are isolated in their Hilbert-Samuel strata. After some preparations in section 
11, section 12 treats the case where the residue field extension k{x')/k{x) is trivial (or 
separable). This is very much inspired by [H6], which however only treats the special 
situation of a hypersurface in a regular threefold over an algebraically closed field and 
does not contain proofs for all claims. Then section 13 treats the case where there occur 
inseparable residue field extensions k{x')/k{x). This case was basically treated in [Col] 
but we give a more detailed account and fill gaps in the original proof, with the aid of 
the results of section 8, and Giraud's notion of the ridge [Gil], [Gi3] (faite in French) a 
notion which generalizes the directrix. 

Finally, in section 14, we show that maximal contact docs not exist for surfaces in positive 
characteristic p. The counterexample depends on p but then works for any field of that 
characteristic. 

It will be clear from the above how much we owe to all the earlier work on resolution of 
singularities, in particular to the work of Hironaka which gave the general strategy but 
also the important tools used in this paper. 

Convention: All schemes are assumed to be finite dimensional. 
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1 Basic invariants for singularities 

In this section we introduce some basic invariants for singularities. 

1.1 Invariants of graded rings and homogeneous ideals in polynomial rings 

Let A; be a field and S — k[Xi, . . . ,Xn] be a polynomial ring with n variables. Let 
Si, C S he the /c-subspace of the homogeneous polynomials of degree n (including 0) . Fix 
a homogeneous ideal ICS. 

Definition 1.1 For integers i > 1 we define ^^{I) G N U {oo} as the supremum of the 
e N satisfying the condition that there exist homogeneous (pi, . . . , (fi_i e I such that 

S^ril ^ Sfj^n <(/?!,..., (pi^i > for all ^Ji<v. 

By definition we have <v^{I)< We write 

v\I) = {u\l),u\l),...,u'^\I),^,^,...) 

and call it the i/-invariant of /. We have the following result (cf. [HI] Ch. Ill §1, Lemma 
!)• 

Lemma 1.2 Let I —< (pi,...,(f^ > with homogeneous elements (pi of degree Vi such 
that: 

(i) ipi ^< (fi,. . ., (fi-i > for all i ^ 1, . . . , m, 

{ii) 1^1 < 1^2 < ■ ■ ■ < l^m- 

Then we have 

\ oo , i > m. 

Definition 1.3 Let = {(pi, . . . ,(prn) be a system of homogeneous elements in S and 
I G S be the ideal that it generates. 

(1) </? is weakly normalized if it satisfies the condition (i) of Lemma 1.2. 

(2) p is a standard base of I if it satisfies the conditions (i) and (ii) of Lemma 1.2. 
We have the following easy consequence of 1.2. 

CoroIIciry 1.4 Let I <Z S be a homogeneous ideal and let ip — {ipi, . . . be a system 
of homogeneous elements in I which is weakly normalized. 

(1) The following conditions are equivalent: 

{ii) deg^pi = for i = 1, . . . ,j. 

{ii') For alii = 1, . . . , j, ipi has minimal degree in I such that ipi ^< ipi, . . . , ipi^i >. 

(2) If the conditions of (1) are satisfied, then ip can be eoctended to a standard base of I. 
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By the lemma a standard base of / and are obtained as follows: 

Put z/i := min{z/ \3 ip E S^n I \ {0}} and pick (pi E Su^D I - {0}. 

Put U2 := mm{u \3 ip E {S^nl)\ {SuH < (pi >) and pick ip2 e ('S'^.^ n /) \ {S^^n <(pi>). 

Proceed until we get / =< (pi, . . . , ip^ >. Then {ipi, . . . , ipm) is a standard base of / and 

= (l/i, ... ,1/^,00,00, .. .). 

RemEirk 1.5 Let ipi, . . . jtpe E I be homogeneous generators of I such that i^i < ^2 < 
• • • < where Vi — deg{ipi). Then the above considerations show that 

{Ui, U2,..., Vl, OO, . . .) < Z/*(/) , 

because a standard base of I is obtained by possibly omitting some of the ipi for i >2. 

In what follows, for a A;- vector space (or a /c-algebra) V and for a field extension K/k we 
write Vk — V K. Prom Lemma 1.2 the following is clear. 

Lemma 1.6 For the ideal Ik Q Sk we have 

A second invariant is the directrix. By [HI] Ch. II §4, Lemma 10, we have: 

Lemma 1.7 Let K / k be a field extension. There is a smallest K-subvector space T {I , K) C 
[Si)k = ®i=iKXi such that 

{lKnK[T{I,K)])-SK = lK, 

where K[T(I,K)] = Sym;^(r(7, X)) C Sym;^((,Si)i^) = Sk- In other words T{I,K) C 
{Si)k is the minimal K-subspace such that Ik is generated by elements in K\T{I ,K)\. 
For K — k we simply write T[I) — T{I, k). 

Recall that C{S/I) = Spec(S'//) is called the cone of the graded ring S/I. 

Definition 1.8 For any field extension K/k, the closed subscheme 

Dir^(5//) = Y)ii{Sk/Ik) C C{Sk/Ik) = C{S/I) K 

defined by the surjection Sk/ Ik Sk/T^{Ii K)Sk is called the directrix of S/I in C{S/ 1) 
over K. By definition 

Dir^(5/7) ^ Spec(Sym^((5i)/^/n^,^))) ■ 

We define 

e{S/I)K = dim(Diri^(,S/7)) = dim(,5) - dimi^(r(7, K)) ^ n - dimi^(r(7, K)) , 
so that DirK{S/I) = K^lf^^^'^, and simply write e{S/I) for e{S/ I)k with K = k. 
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Remcirk 1.9 (a) By definition Dir/^(S'//) is determined by the pair Sk 5 Ik, but indeed 
it has an intrinsic definition depending on Ak for A = S/I only: Let Sa = Sym^(Ai), 
which is a polynomial ring over k. Then the surjection Sk — >■ Ak factors through the 
canonical surjection aA,K '■ Sa,k ^k, CL^d the directrix as above is identified with the 
directrix defined via Sa,k o-nd 'k&!:{aA,K)- In this way Y)v!:{Ak) is defined for any graded 
k-algebra A which is generated by elements in degree 1. 

(b) Similarly, for any graded k-algebra A which is generated by Ai, we may define its 
intrinsic v -invariant by i'*{A) = z/*(ker(Q!A)); where a a '■ Sym^(74i) A is the canonical 
epimorphism. In the situation of definition 1.1 we have 

u*{I) = {l,...,l,u\S/I),u\S/I),...), 

with n — t entries of 1 before v'^{S/I), where t = dimk{Ai), and v^{S/ 1) > 1. 

(c) If X is a variable, then obviously i'*{A[X]) = iy*{A) and z/*(/[X]) = z/*(/) in the 
situation of 1.1. On the other hand, Dirx(yl[X]) = Dirii:(y4) Xk A]^, i.e., eK{A[X]) — 
CK^A) + 1. 

Lemma 1.10 LeA the assumptions be as in 1.8. 

(1) e{S/I)K<dim{S/I). 

(2) For field extensions k <Z K <Z L, we have e{S/I)K < e{S/I)L. 

(3) The equality holds if one of the following conditions holds: 

(i) L/K is separable, 
(ii) e{S/I)K = diui{S/I). 

Proof The inequality in (1) is trivial, and (2) follows since T{I,K) (g) L C T{I,L), 
This in turn implies claim (3) for condition (ii). Claim (3) for condition (i) is reduced 
to the case where L/K is finite Galois with Galois group G. Then, by Hilbert's theorem 
90, for any L- vector space V on which G acts in a semi-linear way the canonical map 
V*^ ®K — > is an isomorphism. This implies that T(7, L)'^ ®k L—^T^{I, L) and the 
claim follows. □ 

Finally we recall the Hilbert function (not to be confused with the Hilbert polynomial) 
of a graded algebra. Let N be the set of the natural numbers (including 0) and let be 
the set of the functions i/ : N ^ N. We endow with the order defined by: 

v > ^ ^ 1/(71) > ii{n) for any n & N. 

Definition 1.11 For a finitely generated graded k-algebra A its Hilbert function is the 
element of defined by 

H^'^\A){n) = H{A){n) = dimfc(A„) (n G N). 

For an integer t > 1 we define H^^^ (A) inductively by: 

n 

H^'\A){n) = Y,H^'-'\Am. 

We note 

H^'-^\A){n) = H^'\A){n) - H^'\A){n - 1) < H^'\n). 
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Remcirk 1.12 (a) Obviously, for any field eoctension K/k we have 
(h) For a variable X we have 

H^'\A[X]) = H^'+^\A). 
(c) For any v e N"^ and any t e N define v^^^ inductively by u^^^n) — Y17=o ^^^~^\^) ■ 

In a certain sense, the Hilbert-Samuel function measures how far A is away from being a 
polynomial ring: 

Definition 1.13 Define the function $ = G by $(0) = 1 and = forn > 0. 
Define fort E N inductively as above, i.e., by $'^*)(n) = ^"=o (^)- 

Then one has 

= ■ ■ ■ ,^t])W = ^) ^ ^ 0- 

and: 

Lemma 1.14 Let A be a finitely generated graded algebra of dimension d over a field k, 
which is generated by elements in degree one. 

(a) Then H^'^^A) > and equality holds if and only if A^ k[Xi, ...,Xd]. 

(b ) For a suitable integer m > 1 one has m$("') > 

Proof (a): We may take a base change with an extension field K/k, and therefore 
may assume that k is infinite. In this case there is a Noether normalization i : S = 
k[Yi, . . . ,Yd] ^ A such that the elements Yi, . . . ,Yd are mapped to Ai, the degree one 
part of A, see [Ku], Chap. II, Theorem 3.1 d). This means that i is a monomorphism of 
graded A;-algebras. But then H^^\A) > //(°)(A;[Xi, . . .,Xd]) = and equality holds if 
and only if i is an isomorphism. 

(b): Since A is a finitely generated S-module, it also has finitely many homogenous 
generators ai, . . . , of degrees di, . . . , dm- This gives a surjective map of graded S- 
modules 

®T=iS[-di] - A, 
where S[m\ is S with grading -S'fmJ^ = Sn+m, a-nd hence 

m 

H{A){n) < - di) < m^^'^\n) . 

1=1 

□ 

At a crucial point in section 5 we shall need the Hilbert polynomial P — P{Al) of a graded 
/c-algebra A. Recall that this is the unique polynomial in Q[T] with 

P{n)^H{A){n) for n>0. 

It is known that the degree of P{A) is dim (A) — 1. We shall need the following property 
proved in [AP] (Corollary 3.2 and following remarks). 
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Lemma 1.15 A polynomial P{T) e Q[T] is the Hilbert polynomial of a graded k-algebra 

A if and only if 

(1.1) 

^^^^^ J^T + ai^^|^r + a2-l^^ ^|^r + a,-i + l^^ ^ j^T + a,-. + l^ 

for certain integers ai > 02 > • • • > > with s > 1. Moreover, one has ai = deg(P) — 
dim(A) — 1, and the family a{P) := (ai, . . . , a^) is uniquely determined by P. 

The equality oi = dim (A) — 1 follows from the fact that 

rT + ai-i + l\ _ (T + - i + 1)(T + g, - i) ■ ■ ■ (T - i + 2) 

has degree g^. The set HP of all Hilbert polynomials is totally ordered with respect to 
the ordering 

(1.2) P{T)>P'{T) <^ P{n)>P'{n) for n>0. 

We shall need the following description of this ordering. 

Lemma 1.16 For two Hilbert polynomials P,P' G HP one has P > P' if and only if 
a{P) > a{P') in the lexicographic ordering (where we formally fill up the shorter family 
with entries —00 at the right until it has the same length as the longer family). 

Proof Since P = P' <^=^ ^(-P) = o-iP'), and since both ordcrings are total orderings, 
it suffices to show that P > P' implies a{P) > a{P'). Let a{P) = {ai, . . . ,as) and 
g(P') = (61, . . . ,bt), and assume P > P' . If deg(P) > deg(P'), then gi > bi and hence 
g(P) > a{P'). In general we proceed by induction on min(s,i). If min(s,i) = 1 and 
gi = 61, then we must have t — 1, s > 1 and hence g(P) > a(P'). li s,t >2 and ai — bi, 
then for 

Pi(r) = p(T)-(^^ + ^^) , p;(r) = P'(T)-(^^ + "^) 

the polynomials Q{T) = Pi(T+ 1) and Q'{T) = P[{T + 1) are again Hilbert polynomials 
by Lemma 1.15, with associated invariants a{Q) = (g2, . . . , g^) and a{Q') = (62, ■ ■ ■ ,bt), 
respectively, and P > P' imphes Q > Q' , so that a{Q) > a{Q') in the lexicographic 
ordering by induction. Together with ai — bi this implies the claim for P and P'. 

Lemma 1.16 immediately implies: 

Theorem 1.17 In the set HP of all Hilbert polynomials, every strictly descending se- 
quence Pi > P2 > P3 > . . . is finite. 

Remcirk 1.18 This has previously been shown for certain subsets of HP, see [AP] Corol- 
lary 3. 6 and [Sit], with different proofs. 
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1.2 Invariants for local rings 

For any ring R and any prime ideal p C i? we set 

n>0 

which is a graded algebra over R/p. 

In what follows we assume that i? is a noetherian regular local ring with maximal ideal 
m and residue field k — R/m. Moreover, assume that i?/p is regular. Then we have 

grp(i?) = Sym^/p(gr;(i?)), grj(i?) = p/pl 

where Sym^/p(M) denotes the symmetric algebra of a free /?/p-module M. Concretely, let 
(l/i, . . . ,yr,Ui, . . . , Ue) be a system of regular parameters for R such that p = {yi, . . . ,yr). 
Then grp(i?) is identified with a polynomial ring over R/p: 

gr/i?) = {R/p)[Yi, ...,Yr] where Yi = mod p' (1 < i < r). 

Fix an ideal J C R. In case J C p we set 

n>0 

and define an ideal /rip (J) C grp(i?) by the exact sequence 

^ 7np(J) ^ grp(i?) ^ grp(i?/J) ^ 0. 

Note 

^^p('^) = 0(>^np" + p"+^)/p"+^ 

n>0 



For f E R and a prime ideal p C -R put 

called the order of / at p. For prime ideals p C q C i?, we have the following semi- 
continuity result (cf. [HI] Ch.III §3): 

(1.4) vpif) < v,{f) for V/ e R. 

Define the initial form of / at p as 



m 



if) := / mod p^>'(^)+i e p-p(/)/p-p(/)+i e grp(i?). 



In case J C p we have 

/np(J) = {znp(/) I / e J}. 

Definition 1.19 (1) A system (/i, . . . , /^) o/ elements in J is a standard base of J, if 
(irimifi), ■ ■ ■ jin^ifm)) is a standard base of Inm{J) in the polynomial ring gr^(it!). 
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(2) We define v*{J,E) as the u* -invariant (of. Definition 1.1) for In^{J) C gr^(i?). 

(2) The absolute v* -invariant v*{0) of a noetherian local ring O with maximal ideal n 
is defined as the absolute v* -invariant (of Remark 1.9 (b)) v*{grnO). 

It is shown in [H3] (2.21.d) that a standard base (/i, . . . , fm) of J generates J. 

Next we define the directrix Dir(O) of any noetherian local ring O. First we introduce 
some basic notations. 

Let n be the maximal ideal of C, let x be the corresponding closed point of Spec(C), and 
let k{x) = O/n be the residue field at x. Define 

T{0) = Spcc(Sym^(n/n^)): the Zariski tangent space of Spec(O) at x, 
C{0) = Spec(gr„(C)) = C(gr„(C)): the (tangent) cone of Spec(C) at x. 
We note that dimC(O) = dimO and that the map 

Sym,(n/n2) ^ gr„(C») 

gives rise to a closed immersion C{0) ^ T(0). 

Definition 1.20 Let K/k{x) be a field extension. Then the directrix of O over K, 

T>iYK{0) C C{0) x,(,) K C T{0) Xki,) K 

is defined as the cJzrerfnx Dir/^(gr„(0)) C C{giJyO)) of giJO) over K (cf. Remark 1.9 
(a)). We set 

e{0)K = dim(Dir;^(C»)) 
and simply write e{0) for e{0)K with K — k{x). 

Remark 1.21 By definition, for R regular as above and an ideal J dm we have 
DirK(i?/J) = Spec(gr„(i?);,/r(J,K)gr„(i?),,) C Spec(gr^(i?)K//n„( J);^) = C{RIJ)k, 
where T{J, K) — T{Inra{J), K) C gT\J^R)K is the smallest K-sub vector space such that 

{In^{J)K n K[r{J, K)] ■ grJ,R)K = In^{J)K , 
i.e., such that In-JyJ)K is generated by elements in K\T{J, K)]. Moreover 

DiTKiR/J) = Symj,{gTl{R)K/r{J,K)) C T{R)k . 
For K — k we simply write T{J) — T{J, k). 
Lemma 1.22 Let the assumptions be as above. 

(1) e{R/J)K < dim(i?/J). 

(2) For field extensions k C K C L, we have e{R/J)K < €.{R/J)l. The equality holds 
if one of the following conditions holds: 

(i) L/K is separable, 
(ii) e{R/J)K = dmi{R/J). 

Proof This follows from Lemma 1.10, because dim(it!/J) = dim C(i?/ J). □ 
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Definition 1.23 We define e{R/ J) = e{R/ J\ for an algebraic closure k ofk. By Lemma 
1.22 we have e{R/ J)k < e{R/ J) < dim{R/ J) for any algebraic extension K/k. 

For later use we note the following immediate consequence of the construction of a stan- 
dard base below Corollary 1.4. 

Lemma 1.24 Let T = T{J) be as in Lemma L7 . There exists a standard base (/i, . . . , /^) 
of J such that in^{fi) G k\T] for for all i. 

Finally, we define the Hilbert (-Samuel) functions of a noetherian local ring O with maxi- 
mal ideal m and residue field F as those of the associated graded ring: 

Explicitly, the Hilbert function is the element of defined by 

H^^\n) = dimi.(m"/m"+^) (n e N). 
For an integer t > 1 we define h'q inductively by: 

i=0 

In particular, HQ\n) is the length of the C- module 0/m"+^ and Hq^ is called the Hilbert- 
Samuel function of O. The Hilbert function measures how far away O is from being a 
regular ring: 

Lemma 1.25 Let O be a noetherian local ring of dimension d, and define as in 
Definition LIS. Then Hq^ > and equality holds if and only if O is regular. 

Proof (see also [Be] Theorem (2) and [Si2], property (4) on p. 46) Since dim((9) = 
dim{grmO) , where m is the maximal ideal of O, and since O is regular if and only if 
gr^O = k[Xi, . . . , X^i] where k = O/m, this follows from Lemma 1.14. 

For later purpose, we note the following facts. 

Lemma 1.26 Let the assumptions be as above and let O = O/a be a quotient ring of O. 
Then Hq > and the equality holds if and only if O = O. 

Proof Let Tn be the maximal ideal of O. The inequahty holds since the natural maps 
^n+i _^ tTt"+i are surjective. Assume H^q — for some s > 0. By Definition 1.11 it 

implies Hq' = for all t > 0, in particular ior t — 1. This implies that the natural maps 
TTn ■ 0/m"'~^^ — >• 0/m^~^^ are isomorphisms for all n > 0. Noting Ker(7r„) ~ a/afim"'"'"^, 
we get a C n m''+^ = (0) and hence = 0.0 

n>0 
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Lemma 1.27 Let O and O' he noetherian local rings, 
(a) For all non-negative integers a and e one has 

dim C > e ^ H^Q^ > $(^+") . 

(h) For all non-negative integers a and b one has 

H^o^ > H^q] =^ dim + a > dim O' + h. 

Proof Let d = dimC. (a): If d > e, then we get H^^ > $('^+") > by Lemma 

1.25. Conversely, assume ff^^ > $(^+"). Then form Lemma 1.14 we get 

for some integer m > 1. If d < e this is a contradiction, because of the asymptotic 

behavior of Hence d > e. 

For (b) let d' = dimO'. If H^^^^ > H^^} then 

and by (a) we have d > d' -\- b — a. (Note: If rf' + 6 — a < 0, the statement is empty; if 
e = d'-\-b — a>0, then we can apply (a).) 

1.3 Invciriants for excellent schemes 

Let X be an excellent scheme. 

Definition 1.28 For any point x & X define 

u*^(X) = u*(Ox,.) and Dir,(X) = Dir(C»x,x) 

and 

e^(X) = e{Ox,x) = dim^(^)(Dir^(X)), e^{X) = e{Ox,x), e^{X)K = e{Ox,x)K, 

where Kj k{x) is a field eoctension. If X C. Z is a closed subscheme of a (fixed) regular 
excellent scheme Z, define 

u:{X,Z) = u*iJ,,Oz,x), 
where Ox,x — Oz,x/Jx- We also define 

IDir,(X) C gr^(Oz,x) 

to be the ideal defining Dira,(X) C T^^Z) = Spec(gr^^(02^a.)), where is the maximal 
ideal of Oz,x- 

We note that always 

Dir^(X) C C^(X) C T^(X) ( C T^(Z) for X C Z as above ), 

where Cx{X) = C{Ox,x) is called the tangent cone of X at x and Tx{X) — T{Ox,x) is 
called the Zariski tangent space of X at x (similarly for Z) . 
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Lemma 1.29 Let X be an excellent scheme. 

(1) Let TT : X' ^ X be a morphism and let x' E X' be a point lying over x & X . Assume 
thatn is quasi-etale at x' in the sense of Bennett [Be] (1.4), i.e., that Ox,x ~^ (^x',x' 
is fiat and mxOx',x' = ^x' where mx C Ox,x and vcix' C Ox',x' are the respective 
maximal ideals. (In particular, this holds if tt is etale.) Then there is a canonical 
isomorphism 

(1.5) Cx'{X') = Cx{X) Xkix)Hx') 

so that i'*,{X') = i'*{X). If k{x')/k{x) is separable, then 

Diix'iX') = Dux{X) Xfc(j.) k{x'), and hence e^'iX') — e^iX). 
Consider in addition that there is a cartesian diagram 

X' Z' 



X 



where i and i' are closed immersions, Z and Z' are regular excellent schemes and 
TTz is quasi-etale at x' . Then 

Tx\Z) ^ Tx{Z) Xfe(,) k{x') and u*,{X', Z') = u*{X, Z) . 

(2) Let f : X' ^ X be a morphism of finite type. Let x & X and 

X = Spec{dx,x), X' = X'xxX, 

where Ox,x is the completion of Ox,x- Then for any y & X' and any y & X' lying 
over y, there are non-canonical isomorphisms 

(1.6) Cy{X') - Cy{X') x,(,) Cy{X'^) - C,{X') x,(,) A^(^,) , 

where X'y — X' Xx' y is the fibre over y for the morphism tt : X' ^ X' and 
d — dim{Oj^, -) = codinij^, (y). Hence 

Dir^(10 = Dir,(X') x,(,) A^(^), e^(X') = e,(X') + d and iy;{X') = u;{X') . 
Assume further that there is a commutative diagram 

X' Z' 

(1.7) 

X — ^ Z 

where Z' ^ Z is a morphism of finite type of regular schemes and i and i' are closed 
immersions. Denote 

Z = ^^ec{dz,x), Z' = Z'xzZ, 

where Oz.x is the completion of Oz^x, so that X' = X' Xz Z — X' Xz' Z' and it is 
a closed subscheme of Z' . Then Z' is regular, and 

vl{X',Z')^vl{X',Z'). 
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Proof (1): It suffices to show (1.5). Let (A, ttia) {B,mB) be a flat local morphism of 
local noetherian rings, with rriA-B = ttib. Then we have isomorphisms 

(1.8) ml^AB^m"^ 

for all n > 0. In fact, this holds for n = 0, and, by induction and flatness of B over A, 
the injection ^ ^a"^ induces an injection 

m'X^AB^ m^"^ ^aB^ m^~^ , 

whose image is m^B — m^. Prom (1.8) we now deduce isomorphisms for all n 

imym'X+') kB = {xnl/ml+^) ®a B^ml/ml+' , 
where fc^ = A/xxia and ks = B/vxb, and hence the claim (1.5). 

(2): As for (1.6), consider the local rings A — Ox',y with maximal ideal m and residue 
field k — A/m, and A' — Oi>, with maximal ideal m' and residue field k' — A'/m'. Since 

X is excellent, the morphism Ox,x ^x,x is fiat, with regular fibers, and the same is 
true for the local morphism A A' since A' is a localization of A (E)oxx ^x,x- Hence, by 
[Si2], Lemma (2.2), the closed subscheme Spec{A' /mA') ^ Spec(A') is permissible, i.e. 
it is regular and gr^/(74') is fiat over A' /vn.A' . By [HI] Ch. II, p. 184, Proposition 1, we 
get a non-canonical isomorphism 

gr„,(A') ^ (gr^^,(A') ®A' k') ®u' gi^.,^A'{A'/mA') . 

On the other hand, by fiatness of A' over A we get canonical isomorphisms 

m">l7m"+U' ^ (m"/m"+^) ®a A' 

for all n. Hence we get an isomorphism gr^^,(A') ®a' k' = grm(^) ®a A' and the above 
isomorphism becomes 

g-^ra'W = grnv(^) ®k gr„,/„^, (^'/mA') , 

which is exactly the first isomorphism in (1.6). Since A' /mA' — O^i y is regular of 
dimension d, we have an ismorphism gr^//^^,(A'/mA') = k'\Ti, . . . which gives the 
second isomorphism in (1.6). 

The statements for the directrix and the z/*-invariant of X' at y now follow from Remark 
1.9 (c). Now consider the diagram (1.7). The above, applied to Z' , gives isomorphisms 

Cy{Z') ^ Cy{Z') Xk(y) Cy{Z'y) ^ Cy{Z') X k(y) A^(^,) ^ A^^J^ 

where N — dim{Oz',y), because Z' is regular and Zy = Xy. Conversely, this implies 

that Z' is regular at y. The final equality in (2) now follows from the isomorphism 
mZ') ^ Cy{Z') and Remark 1.9 (c). □ 

Next we introduce Hilbert-Samuel functions for excellent schemes. Recall that an excellent 
scheme X is catenary so that for any irreducible closed subschemes Y C Z oi X, all 
maximal chains of irreducible closed subschemes 

Y ^YoCYiC ■■■ CYr^ Z 

have the same finite length r denoted by codim2(y). Por any irreducible closed sub- 
schemes y C .Z' c of X we have 

codim^(y) = codim^(Z) -|- codim.z{Y). 
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Definition 1.30 Let X be an excellent scheme. 

(1) For X & X let I{x) be the set of irreducible components Z of X with x & Z. 

(2) Define the function 4>x '■ X —>■ N by 4>x{x) = dimX — ipx{x), where 

i^x{x) — min {co<\im.z{x) \ Z & I{x)} . 

(3) Define Hx'. X as follows. For x e X let 

Hx{x) = H^^^^^^^ en'\ 

(4 ) For V eW^ we put 

X{> v) := {x e X\ Hx{x) > v] and X{v) := {x e X\ Hx{x) = v}. 

By sending Z to its generic point ?7, the set I{x) can be identified with the set of generic 
points (and hence the set of irreducible components) of the local ring Ox,x- Therefore 
ipx{x) depends only on Ox,x, and 4>x{x) and Hx{x) depend only on dimX and Ox,x- We 
shall need the following semi-continuity property of 

Lemma 1.31 (1) For x,y E X with x G {y} one has I{y) C /(x) and 

(t>x{y) < (t>x{x) + codim:^(x) . 

(2) For y & X , there is a non-empty open subset U C {y} such that 

I{x) = I{y) and (pxiv) = (px{x) + codim:^(a;) 

for all X & U. 

Proof (1): The inclusion I{y) C /(x) is clear, and for Z e I{y) one has and 
(1.9) codim2(a;) = codimz{y) + codim^(a;) . 

Thus ipx{x) < ipx{y) + codim|^(a;), and the result follows. 

(2): Let Zi, . . . , be the irreducible components of X which do not contain y. Then we 
may take U = {y}r\{X \ Zi). In fact, li x e U , then I{y) = /(x), and from (1.9) 
we get 

il^x{x) = V'x(y) + co<\\va.-^{x) . 

Now we study the Hilbert-Samuel function Hx- The analogue of Lemma 1.14 (a) and 
Lemma 1.25 is: 

Lemma 1.32 Let d — dimX. Then, for x E X one has Hx{x) > ^^'^^j and equality 
holds if and only if x is a regular point. 
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Proof We have 

Hxix) = > ^{d-^Px {x)+codimx{x)) > ^(d) _ 

Here the first inequahty follows from Lemma 1.25, and the second inequality holds because 
codimx(a;) > ipx{x). If {X,x) = then all inequalities are equalities, and hence, again 
by Lemma 1.25, x is a regular point. Conversely, if x is regular, then there is only one 
irreducible component of X on which x lies, and hence codimx(a;) = ipxix), so that the 
second inequality is an equality. Moreover, by Lemma 1.25, the first inequality is an 
equality. 

Remark 1.33 In particular, X is regular if and only if X{u) = for all v G except 
for v — i/x^ , where i/x^ — Hx{x) for a regular point x of X which is independent of the 
choice of a regular point, viz., equal to $('^"^^). 

We have the following important upper semi-continuity of the Hilbert-Samuel function. 
Theorem 1.34 Let X he an excellent scheme. 



(1) If X E X is a specialization ofyEX, i.e., x G {y}, then Hx{x) > Hxiy)- 



(2) For any y G X, there is a dense open subset U of {y} such that Hx{x) — Hx{y) 
for all X & U. 

(3) The function Hx is upper semi- continuous, i.e., for any v G N"^, X{>_ v) is closed 
in X. 

Proof (1): We have 

HA^) = <f » > <f > = HAv) . 

Here the first inequality holds by results of Bennett ([Be], Theorem (2)), as improved by 
Singh ([Sil], see p. 202, remark after Theorem 1), and the second holds by Lemma 1.31 

(1) - _ _ 

(2) : First of all, there is a non-empty open set C/i C {y} such that {y} C X is permissible 
(see 2.1) at each x G C/i ([Be] Ch. 0, p. 41, (5.2)). Then 

^(0) ^ ^(codim^(a;)) 

Ox,x ^X,y 

for all X G C/i, see [Be] Ch. 0, p. 33, (2.1.2). On the other hand, by Lemma 1.31 (2) there 
is a non-empty open subset U2 C {y} such that (t>x{y) — (t>x{x) -\- co<\\va.j^{x) for x G C/2- 
Thus, for x G t/ = [/i n [/2 we have 



By the following lemma, (3) is equivalent to the conjunction of (1) and (3). 
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Let X be a noetherian topological space which is Zariski, i.e., in which every closed 
irreducible subset admits a generic point. (For example, let X be a noetherian scheme.) 
Recall that a map H : X — > G into an ordered abelian group (G, <) is called upper 
semi-continuous if the set 

X>, := Xg, := {x e X I H{x) > u} 

is closed for all v ^ G. We note that this property is compatible with restriction to any 
topological subspace. In particular, if X is a scheme, H is also upper semi-continuous 
after restricting it to a subscheme or an arbitrary localization. 

Lemma 1.35 The map H is upper semi- continuous if and only if the following holds. 

(1) Ifx,yeX with X e {y}, then H{x) > H{y). 

(2) For all y & X there is a dense open subset U C {y} such that H{x) — H{y) for all 

xeU. 

Proof According to [Be], Ch. Ill, Lemma (1.1), X>i, is closed if and only if the following 
conditions hold. 

(1') If J/ e X>i,, then every x e {y} is in X>,^. 

(2') If y e X>^, then (X - X>^) n is open in {^. 

Obviously, (1) above is equivalent to (1') for all u. Now assume (1) and (2), and let 
ly & G. By induction on dim(X) (which is finite by our assumption), we prove that X>i, 
is closed. The case of dim(X) = is trivial. For higher dimension it suffices to show 
that the intersection of X>,^ with every irreducible component is closed. Thus we may 
assume that X is irreducible. By (2) there is then a dense open subset U G X such that 
H{x) = H{ri) for the generic point r] of X. If H{ri) = u, then X>i, = X by (1). Otherwise 
we have U C X — X>,^, i.e., X>i^ C A — X — U, which is a closed subset of X of strictly 
smaller dimension. By induction, X>,^ is closed in A, hence in X. Conversely, assume 
that X>^ is closed for all u. Then (1) follows immediately. Moreover, H only takes finitely 
many values i/i, . . . , i/„ on X. Now let y e X, and let Hx{y) = v- Then 

Xn — X>i, — \Jfx>v Xn — X>i, — Uju>i^ ^>ii 

is open in X>i, which shows property (2). 

Definition 1.36 Let Ex := {Hx{x)\ x G X} C N^. By noetherian induction Theorem 
1.34 (3) implies Ex is finite. We define E^"^ to he the set of of the maximal elements in 
Ex- The set 

(1.10) x_ = ^^u_x(^) 

is called the Hilbert- Samuel locus of X. 
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By definition X{i') 7^ if and only if e ■ By Theorem 1.34, X{i') is locally closed in 
X and its closure in X is contained in 

X{> u)= U X{pi). 

ix>u 

In particular X(z/) is closed in X if i/ e E^"^, and X^ax is closed. Note that the sum in 
(1.10) is a disjoint sum. 

Lemma 1.37 Let X he an excellent scheme. 

(1) Let n : X' X be a quasi-finite morphism which is quasi-etale in the sense of 
Lemma 1.29 (1). Then for any x & X and any x' e X' above x we have 

(1.11) h'SI^^^ = h'SI^ and ^Px{x) = V'x'(x') . 

In particular, if dim. X' — dimX, then Hx'{x') = Hx{x) for x and x' as above, and 
hence X'{iy) = TT-\X{iy)) for all v e N^. 

(2) Let f : X' ^ X be a morphism of finite type. Let x & X and put 

X = Spec(ax,x), t::X' ^X' XxX^X' , 

where Ox,x is the completion of Ox,x- Then for any y & X' and any y E X' lying 
over y we have 

(1.12) hSI _ = i/g, ^, and ^P^,{y) = ^Px'{y) + d , 
where 

d = codim-^^(y), Xy^X'xx'y. 

In particular, i/dim(X') = dim(X'), then Hj^,{y) = Hx'{y), andX'{v) — 7r~^(X'(z/)) 
for all 1/ e N^. 

For the proof we shall use the following two lemmas. 

Lemma 1.38 Let f : W ^ Z be a flat morphism of schemes and let w & W and 
z — f{w) e Z . Then we have 

cod\m.w{w) — codim^(2;) + d\m.Ow^,wi = Wxzz. 

In particular w is a generic point of W if and only if f{w) is a generic point of Z and 
codimw^{w) = 0. 

Proof See [EGA IV], 2, (6.1.2). 

Lemma 1.39 f : W ^ Z be a quasi-finite morphism of excellent schemes and let w E W 
and z — f{w) e Z. Assume that W and Z are irreducible. Then we have 

codimi^(w) = codim2(^). 

Proof See [EGA IV], 2, (5.6.5). 
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Proof of Lemma 1.37 (1): It suffices to show (1.11). The other claims follow from 
it. The first equality in (1.11) follows from Lemma 1.29 (1.5). We now show the second 
equality. By Lemma 1.38 a point of X' is generic if and only if its image in X is generic. 
If x' lies on an irreducible component Z' — {?]'} of X', then x lies on the irreducible 
component Z — {f{r]')} of X, and Lemma 1.39 implies codim2/(x') = codim2(x). Thus it 
suffices to show that if x lies on an irreducible component W of X, there is an irreducible 
component of X' which contains x' and dominates W. Let W = {r]'} be an irreducible 
component of 7:~^{W) which contains x' (note x' e 7r~^(PF) by definition). Since X' Xx 
W ^ W is quasi-finite and fiat again, Lemma 1.38 implies that g{ri') = r] is the generic 
point of W, and this implies in turn that rj' is a generic point of X'. This shows the 
desired claim. □ 

(2): The first equahty in (1.12) follows from Lemma 1.29 (1.6). We show the second 
equality. We may assume that X' is reduced. Since tt : X' ^ X' is flat, Lemma 1.38 
implies that if rj' is a generic point of X' with y G {t]'}, then t] = 7r(?7') is a generic point 
of X' with y G {rj}. Moreover, if is a generic point of X with y & Z := {^}, then there 
exists a generic point ^' of X' such that y G {^'}. Indeed one can take a generic point ^' 
of 7r~^{Z) such that y G {^'}. Then Lemma 1.38 apphed to ttz ■ X' Xx' Z ^ Z, which is 
fiat, implies that 7r(^') = ^ and ^' is of codimension in 7r^^(^) = T^'^iC) hence ^' is 
a generic point of X'. This shows that we may consider the case where X' is irreducible 
and are reduced to show the following. 

Claim 1.40 Assume X' is integral. Let W be an irreducible component of X' containing 
y. Then 

codimw{y) = codimx'd/) + d, d = codim^^, (y). 

Since the question is local at y, we may assume X — Spec(A) and X' — Spec(i?), where 
A — Ox,x and B is an integral domain of finite type over A. Moreover we may further 
assume that f : X' ^ X is dominant and A is an integral local ring, by replacing X with 
the closure W of f{X) with reduced subscheme structure. In fact, X is a closed 

immersion, and W Xx X identifies with the completion of W = Spec{Ow,x)- We now 
proceed in three steps. 

Step 1: Assume that A is normal, and K is algebraically closed in L, the fraction field of 
B. In this case we claim that X' is irreducible. Then Lemma 1.38 implies 

codim^,(y) = codimx'(y) + d 

which shows Claim 1.40. 

To show the above claim, first note that the completion A is integral by [EGA IV], 2,(7.8.3) 
(vii). Consider the cartesian diagram 

X' X 

TTO 

X' X 

and let rjx & X , rjj^ & X and rjx' € X' be the generic points. If r/ is a generic point of X', 
then by Lemma 1.38 it maps to rjx' and is a generic point of the fiber 7r"^(77x')- Since 
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the latter is the base extension ttq x a' L, it follows that f{r]) = r]-^. But the fibre 

f~^iVx) base change f^^{r]x) Xk f^iVx)' which is irreducible, since the A'-variety 

X'j^ = f~^{r]x) is geometrically irreducible (by the assumption that K is algebraically 
closed in its function field L). This implies that X' has only one generic point, i.e., is 
irreducible. 

Step 2: Now assume that X' is normal. In this case we claim that X' — Y[j,=i 
where X[,...,Xl. are the irreducible components of X' , and that X[ — > X' is fiat for all 
i = 1, . . . , r. Then there exists the unique i such that y e X[ and Lemma 1.38 implies 

codimj5j-,(y) = codimx'(|/) + codim^, (y) = codim^/d/) + 

where X'^ y = X[ Xx' y and the second equality holds since the local rings at y of X'^ y and 
Xy are the same. This shows Claim 1.40. 

To show the above claim, let Ki be the algebraic closure of K — Prac(A) in L = Prac(i?), 
the function field of X', and let Ai be the integral closure of A in Ki, which is a normal 
semi-local ring, finite over A. Then we get a commutative diagram with cartesian squares 



X' 



X 





TTl 















X' 



-> X 



in which Xi = Spec(74i) and the lower line factors /. Furthermore 

r 

Xi = Spec(yli ®^ i) = JJ 



1=1 



is the completion of Ai (with respect to the Jacobson ideal) and decomposes into a product 

as indicated. Here Xi^i = Spec((74i)n^) for the completion (Ai)tTii of the localization (Ai)mi 
of Ai at TTij, where rrii, . . . ,mr are the maximal ideals of Ai (which are the ideals lying 
over the maximal ideal of A). Thus the scheme X' decomposes accordingly: X' — X-, 
and we get a commutative diagram 



p' 

X' 



- \li=i Xi,i 


X 






TTO 




Xi^i 


^ X 






id 


Xi 


X 



where Xi^i — Spec((^i)tn^) and the two left squares are cartesian. By Step 1 X- is 
irreducible and X^ — > X' is fiat since it is the composite of the fiat morphisms X^ — > X- 
and and X' X'. 
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Step 3: Now consider the general case (still X' and X affine and integral, and / dominant). 
Let X" be the normalization of X', and consider the diagram with cartesian squares 



X" X' — ^ X 





TT 




TO 















X" — ^ X' X 

in which the vertical morphisms are flat. The morphism g is finite and surjective, and so 
is its base change g. We claim that a point ri" e X" is generic if and only if 77' = g{ri") 
is a generic point of X'. Indeed, by Lemma 1.38, 77" is generic if and only if it maps to 
the generic point rjx" of X" and is of codimension zero in the fibre (7r')~^(?7x")- Since 
the fibres over rjx" and r]x' are the same, this is the case if and only if rj' satisfies the 
corresponding properties for tt, i.e., if rj' is a generic point of X'. Now let W be an 
irreducible component of X' containing y. By the last claim together with the surjectivity 
of g, there is an irreducible component W of X" dominating W. Since g is finite, it is a 
closed map, and so we have even g{W') — W. Thus there is a point z e W with g{z) — y. 
\i z = tt'{z), then g{z) = y and 

(1.13) codimj^„(i) = codim^^, (y) = d , 

z y 

where X" = X" Xx" z — X Xx z — Xy Xy z. We now conclude 

codimvK(y) = codim^y/(i) = codimx"(-z) -\- d — codimx'(z/) + d , 

where the first (resp. the third) equality follows from Lemma 1.39 applied to the finite 
morphism W — > W (resp. X" — > X') and the second equality follows from (1.13) and 
Step 2 noting that X" is normal. This shows Claim 1.40 and the proof of Lemma 1.37 is 
complete. 

Remark 1.41 Bennett [Be] defined global Hilhert- Samuel functions by = H^'^'^^^^\ 
where d{x) = dim({a;}), and showed that these functions have good properties for so- 
called weakly biequidimensional excellent schemes. By looking at the generic points and 
the closed points one easily sees that this function coincides with our function Hx{x) if 
and only if X is biequidimensional. 
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2 Permissible blow-ups 



Now we review some fundamental results on the behavior of the v*- and e-invariants under 
permissible blow-ups. 

Let X be an excellent scheme and let D C X be a closed reduced subscheme. Let Id C Ox 
the ideal sheaf of D in X and Od — Ox/ Id- Put 

^^ioiOx) = ®l'n/l'^'- 
t>o 

Definition 2.1 Assume that no irreducible component of X is contained in D. 

(1) X is normally flat along D at x & D if gij^iOx) ®Od Od,x is a flat OD,x-'module. 
X is normally flat along D if X is normally flat along D at all points of D. 

(2) D <Z X is permissible at x El D if D is regular at x, and X is normally flat along 
D at X. D <Z X is permissible if D is permissible at all points of D. 

(3) The blowup no '■ Bi^iX) X in a permissible center D C X, is called a permissible 
blowup. 

For a closed subscheme D G X, the normal cone of D C X is defined as: 

Cn(X)^Spec(grj^(Ox))^D. 

Theorem 2.2 Let the assumption be as in Definition 2.1. 

(1) There is a dense open subset U G D such that X is normally flat along D at all 
X eU. 

(2) The following conditions are equivalent: 

(i) X is normally flat along D at x E D. 

{ii) Tx{D) C Dira:(X) and the natural map Cx{X) — >• Cd{X) Xd x induces an 
isomorphism Cx{X) /Tx{D) — > Cd(X) Xd x, where Tx{D) acts on Cx{X) by 
the addition in Tx{X). 

Assume that in addition that X is a closed subscheme of a regular excellent scheme 
Z . Let X & D and set R — Oz,x '>^'ith the maximal ideal m and k — R/m. Let J <Z R 
(resp. p (Z R) be the ideal defining X G Z (resp. D <Z Z). Then the following 
conditions are equivalent to the conditions (i) and (ii) above. 

{Hi) Let u : grp(i?) ®r/^ k — > gr^(i?) be the natural map. Then Inm{J) is generated 
ingr^{R) byu{In^{J)). 

{iv) There exists a standard base f — (/i, . . . , fm) of J such that Vm{fi) — Vp{fi) 
for all i — 1, . . . ,m (cf. (1.3) ) . 
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Theorem 2.2(1) follows from [HI] Ch. I Theorem 1 on page 188 and (2) from [Gil], II §2, 
Theorem 2.2 and 2.2.3 on page 11-13 to 11-15. 

There is a numerical criterion for normal flatness due to Bennett, which we carry over to 
our setting: Let the assumption be as in the beginning of this section. Let Hx{x) be as 
in Definition 1.30. 

Theorem 2.3 Assume that D is regular. Let x & D, and let y be the generic point of the 
component of D which contains x. Then the following conditions are equivalent. 

(1) X is normally flat along D at x. 

(2) Hq^^ ^ = ff^'^^^Yix)) ^ where Y — {y}, the closure of y in X. 

(3) Hx{x)^Hx{y). 

Proof The equivalence of (1) and (2) was proved by Bennett ([Be], Theorem (3)). The 
rest is a special case of the following lemma. 



Lemma 2.4 Let X he an excellent scheme, and let x,y ^ X with x e {y}. then the 
following are equivalent. 

ft ) tt{0) _ (codim^(a;)) 

(2) Hx{x) = Hx{y). 
If these conditions hold, then I{x) — I{y) and ipx{x) — 'ipxiu) + codimy(x). 

Proof By the definition of the considered functions, for the equivalence of (1) and (2) 
it suffices to show that either of (1) and (2) implies 

(2.1) (j)x{y) = (j)x{x) + codimy(a;) , 



where Y = {y}. Assume (2). By Lemma 1.27 we have 

dimOx,x + (t>x{x) = dimOx.y + (t>x{y)- 

On the other hand, 

dim Ox,x — codimx(a;) > codimy (x) -|- codimx(2/) = codimy (x) -|- dim Ox,y ■ 
Thus we get 

(t)x{y) = dim Ox, X + <l>x{x) - dim Ox, y > <i>xix) + codimy(a;) , 
which implies (2.1) by Lemma 1.31. 

Next assume (1). Let O — Ox,x and let p C C be the prime ideal corresponding to y. It 
suffices to show that p contains all minimal prime ideals of C. In fact, this means that 
y is contained in all irreducible components of X which contain x, i.e., that I{y) — I{x). 
Since, for any irreducible Z e I{y) we have 

codim2(x) = codimz{y) + codimy(x) , 
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we deduce the equality ipx{x) = ipxiy) + codimy(a;) and hence (2.1). At the same time 
we have proved the last claims of the lemma. As for the claim on O and p let 

(0) = ^1 n . . . n 

be a reduced primary decomposition of the zero ideal of O, and let pi — Rad(*Pi) be 
the prime ideal associated to Then the set {pi, . . . ,pr} contains all minimal prime 
ideals of and it suffices to show that p contains all ideals (Note that an ideal o is 
contained in p if and only if Rad(a) is contained in p). Assume the contrary. We may 
assume <Pi ^ p. Put O' = O/O. with £3 = n • • • n and let Op (resp. Op) be the 
localization of O (resp. O') at p (resp. pO'). Then Op = O'p and 0/p = O'/pO' and 

TjiO) ^ r7-(0) ^ Tjid) _ TT(d) 

J^O — -"£)' — -"o^ ~ -"Op ' 

where d — codimy(x) = dimC/p = dimO'/pO'. The first inequality follows from Lemma 
1.26 and the second inequality follows from [Be], Theorem (2). Hence (2) imphes H^^ — 
H^} . By Lemma 1.26 this implies O — O' so that = 0, contradicting the assumption 
that the primary decomposition is reduced. □ 

The above criterion is complemented by the following observation. 

Lemma 2.5 Let X be a connected excellent scheme. If there is an irreducible component 
Z C X such that Hx{x) — Hx{y) for all x,y & Z (i.e., Z C X(i/) for some v e W^), 
then Z = X. 

Proof We have to show that X is irreducible. Assume not. Then there exists an a; G X 
which is contained in two different irreducible components. Let O — Ox,x be the local 
ring of X at a;, let 

(2.2) < > = qji n . . . n qj^ 

be a reduced primary decomposition of the zero ideal of O, and let pi = Rad(^i) be the 
prime ideal associated to By assumption we have r ^ 1. Then there is an i such that 
the trace of Z in (9 is given by pj. Let r/j G Spec((9/^i) C Spec((!?) C X be the generic 
point of Z (corresponding to pi). By assumption we have 

H^^l^^^Hx{v^)^Hx{x)^Ht^^^^^^ 

where d — dimX, because il^xiVi) — 0- On the other hand, we have 

(0 q\ TT{d) ^ Tj{d-c) , Tj{d-C) , TT{d-ipx{x)) 

where c := dim(C/^i) = dim(C/pi) = codim|^(a;) = codim2(a;). Here the first inequal- 
ity holds by the results of Bennett/Singh recalled in the proof of Theorem 1.34 (1), the 
second inequality follows from Lemma 1.26, and the last inequality holds since ipx{x) < c. 
Now, since pi is a minimal prime ideal and (2.2) is reduced, we have an isomorphism 

Ox,,, = Op^ - {omp, . 

Therefore we have equalities in (2.3). By the other direction of Lemma 1.26 we conclude 
that O — O/^i, i.e., = 0, which is a contradiction if r 7^ l.D 

We now prove a semi-continuity property for ex{X), the dimension of the directrix at x. 
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Theorem 2.6 Let X he an excellent scheme, and let x,y & X such that D — {y} is 
permissible and x & D. Then 

eyiX) < e^{X) - dim{OD,y) ■ 

The question only depends on the local ring Ox,x, and by Lemma 1.29 (2) we may 
assume that we consider the spectrum of a complete local ring and the closed point x 
in it. Moreover, by the structure theory of complete noetherian rings every such ring is 
a quotient of a regular complete (hence excellent) local ring. Therefore Theorem 2.6 is 
implied by the following result. 

Theorem 2.7 Let R be an excellent regular local ring with maximal ideal m. Let J (Z R 
be an ideal. Let p (Z R be a prime ideal such that J C p and that Spec(i?/p) C Spec(i?/ J) 
is permissible. Let Rp be the localization of R at p and Jp — JRp. Then 

e{Rp/Jp) < e{R/J) - dim(i?/p). 

Proof Set A = R/p and let K be the quotient field of A. Set Mk = M ®aK for an 
A-module M. By definition there exists a i^-subspace V = /Dir(i?p/Jp) C grp(i?)x of 
dimension s such that dimx(y) = dim(i?p) — e{Rp/ Jp) and 

(2.4) Inp{J)K = {K[V] n Inp{J)K) ■ grpiRh- 

Lemma 2.8 Assume that there exist free A-modules T,S C. grp(i?) such that grp(i?) = 
T ® 5" and V — Tk. Let u : grp(i?) ®R/p k — > gr^(i?) be the natural map. Then u{T) D 

7Dir(i?/J)ngrM- 

Note that the assumption of the lemma is satisfied if dim(yl) = 1, by the theory of 
elementary divisors. Theorem 2.6 is a consequence of the conclusion of Lemma 2.8 by 
noting 

dmik{u{T)) = dimfc(r®A k) = drnixiV) = dim(i?p) - e{Rp/Jp) 
so that the lemma finishes the proof of the theorem in case dim(i?/p) = 1. 
We show Lemma 2.8. The assumption of the lemma implies 

(2.5) gVpiR) = Sym^(gr;(i?)) = A[T] ®a A[Si 

where A[T] = Sym^(T') (resp. A[S] — Sym^(5')) is the sub A-algebra of grp(-R) generated 
by T (resp. S). 

Claim 2.9 

Inp{J)^{A[T]nlnp{J))-grp{R). 

By Theorem 2.2{2){iii) the claim implies that Inm{J) is generated by m(74[T]) Pi Inm{J), 
which implies Lemma 2.8. Thus it suffices to show the claim. Note 

(2.6) {K[V] n Inp{J)K) n gTp{R) = {A[T] n Inp{J))K n gTp{R) = A[T] n Inp{J). 

Indeed (2.5) implies K[V]ngTp{R) = A[T] and the flatness of grp(i?/J) = grp(i?)//np(J) 
implies Inp{J)K H g^p{R) — /rip (J). 
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Take any e Inp{J). By (2.4) and (2.6) there exists ce A such that 

c(f)= ^ ttii/ji, i/ji e A[T] n /np(J), tti e grp(i?), 



l<i<m 



Choosing a basis Zi, . . . , of the A-module S, (2.5) allows us to identify grp(i?) with 
the polynomial ring /1[T][Z] = /l[T][Zi, . . . , Zr] over A[T]. Then, expanding 

we get 

= ^ Oi^sVi for any S e Z>o. 

l<i<m 

Since XI ^ ^[7"] n Inp{J), this imphes 0b e n Inp{J) by (2.6) so that 

l<i<m 

(f) e (^[T] n /np(J)) • grp(i?). This completes the proof of the claim. 

To finish the proof of Theorem 2.6, it suffices to reduce it to the case dim(i?/p) = 1 as 
remarked below Lemma 2.8. Assume dim(i?/p) > 1 and take a prime ideal q D p such 
that R/q is regular of dimension 1. Let i?q be the localization of i? at q and Jq = JR^. 
Noting 

the assumption implies that Spec(i?q/pi?q) C Spec(i?q/Ji?q) is permissible. By the in- 
duction on dim(i?), we have 

e{Rp/Jp) < e{RjJ,) - dim{R,/pR,) = e{RjJ,) - (dim(i?/p) - 1). 

Hence we are reduced to show 

e{Rq/Jq) < e{R/J) - dim(i?/q) = e{RjJ^) < e{R/J) - 1. 

This completes the proof of Theorem 2.6. 

Bennett and Hironaka proved results about the behavior of Hilbert-Samuel functions in 
permissible blow-ups which are fundamental in resolution of singularities. We recall these 
results (as well as some improvements by Singh) and carry them over to our setting. 

Theorem 2.10 Let D be a permissible closed subscheme of an excellent scheme X, and 
let 

Tlx ■■ X' = BioiX) ^ X and 

be the blowup with center D. Take any points x & D and x' e tTx^{x) and let S — S^'/x '■— 
trdeg^(^)(A;(a;')). Then: 

(1) Hgl^, < H^Sl,. and (t>x'{x') < M^) + 5 and Hx'{x') < Hx{x). 

(2) Hx>{x') ^ Hx{x) ^ Hg,^,^H§l. 
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(3) If the equalities in (2) hold, then 4>x'{.x') = (t)x{x) + S, the morphism Ox,x Ox',x' 
is injective, and I{x') — {Z' \ Z e I{x)} where Z' denotes the strict transform of 

z e l{x). 

(4) If the equalities in (2) hold, then, for any field extension K/k{x') one has 

^x'{X')k < ex{X)K — ^x'/x- 

Assume in addition that X ^ Z is a closed immersion into a regular excellent scheme 
Z , and let 

TTz : Z' ^ BiDiZ) ^ Z 
be the blowup with center D. Then: 

(^) ^x'i-^'i^') — Ki-^j^) ^™ lexicographic order. 

(6) ^ vl,{X',Z')^vl{X,Z). 

Proof In a slightly weaker form, viz., Hq^^\ < H^^^ , the first inequality in (1) was 

proved by Bennett ([Be] Theorem (2)), and Hironaka gave a simplified proof ([H4] Theo- 
rem I). In the stronger form above it was proved by Singh ([Sil], Remark after Theorem 
1). For the second inequality, since dim(X) = dim(X'), it suffices to show 

(2.7) Vx{x)<iJx'{x') + S. 

Let Yi, . . . , be the irreducible components of X and let F/ be the strict transform of Yi 
under nx- Then Y(, . . . are the irreducible components of X'. If x' e Y-, then x EYi 
and EGAIV (5.6.1) implies (note that Cy.^a; is universally catenary since Y^ is excellent) 

(2.8) codimy.(a;) = codimy^/ (a;') + 5. 

(2.7) follows immediately from this. 
The last inequality in (1) now follows: 

(2.9) Hxix') = H^^;P < Hji^}^^'^ < = Hx{x). 

Claims (5) and (6) were proved by Hironaka in [H4] Theorems II and III, hence it remains 
to show (2), (3) and (4). 

As for (2), assume Hx'{x') = Hx{x), i.e., that equality holds everywhere in (2.9). To 
show i^if^ = i^io^ , it suffices to show that 

(2.10) cPx'ix') = cj>x{x) + S . 

Let d — dim(Ox,x) and d' — dim{Ox',x')- By Lemma 1.27(b) the assumption implies 

(2.11) d' + (l)x'(x')^d + (f)x{x). 

On the other hand, by Lemma 1.27(b), the inequality Hq]^, , < ^Ox froi^ (1) implies 

(2.12) d' + 5<d. 

Prom (2.11) and (2.12) we deduce (pxix) + S < (px'ix') , which implies (2.10), in view of 
(1)- 
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Conversely assume -f^o]., , = ^Ox^- show Hx'(x') — Hx(x), it again suffices to sfiow 
(2.10). We liave to sfiow 

(2.13) iIjx{x)=^x'{x') + 5. 

In view of (2.8) and witli tlie notations tliere, it suffices to show that x' G if a; G 1^, 
i.e., the third claim of (3). For this, by the lemma below, it suffices to show the injectivity 
oi O — Ox,x — Ox',x' — O', i.e., the second claim of (3). 

Lemma 2.11 Let f : A ^ B be the homomorphisms of noetherian rings. Assume that 
there is a minimal prime ideal of A, which does lies in the image ofSpec{B) — > Spec(A). 
Then f is not injective. 

Proof Let (0) = fl . . . fl be a primary decomposition of the zero ideal in B, and 
let pi = Rad(^i), which is a prime ideal. Assume A ^ B is injective. Then, with 
0.i — ^ir\A, (0) = 01, n . . . n£2r is a primary decomposition in A. Therefore {q^ . . . , q,.}, 
with q, = Rad(0j) — pinA, is the set of all associated prime ideals of A and hence contains 
all minimal prime ideals of A, see [Ku] VI Theorems 2.18 and 2.9. This contradicts the 
assumption. 

Before we go on, we note the following consequence of Lemmas 1.29 and 1.37: For all 
claims of Theorem 2.10, we may, via base change, assume that X = Spec(Cx,a;), and that 
the local ring Ox,x is complete. This also holds for the injectivity of (9 — > O', which is 
obvious for the first base change, and follows for the second base change, because it is 
faithfully fiat, and the considered local rings are reduced. Therefore wc may assume that 
Ox,x is a quotient of a regular excellent local ring R, and that X is embedded in a regular 
excellent scheme Z. We will assume this in the following. 

Now we use the results of Hironaka in [H4]. First consider the case k{x') = k{x), where S = 
0. Let p G O = Ox,x be the prime ideal corresponding to D, let A = gr^{Ox,x) ®o/pk{x), 
and let F — T^x^ix) C X' be the scheme theoretic fibre of ttx : ^ -'^ over x. Then 
F — Proj(A), and by [H4] (4.1) we have inequalities 

(2.14) Hg-^'^ < < , 

where s = diraO^.x and Cx,d,x = Spec(A). By our assumption, these are all equalities. 
Moreover, if (9 = R/ J for a regular excellent local ring R with maximal ideal m, then 
there is a system of regular parameters {xq, . . . ,Xr,yi, ■ ■ ■ ,ys) of R such that the ideal 
P of D in is generated by a;o, • • • , Xr- If Xq, . . . , Xr, Yi, . . . ,Ys are the initial forms of 
xq, . . . ,Xr,yi, ■ ■ ■ ,ys (with respect to m), then the fiber E over x in the blowup Z' oi Z — 
Spec(i?) in the center D is isomorphic to Proj(A;[X.]) for k = k{x) and the polynomial ring 
k[X.] = k[XQ, . . . , Xr], and there is a homogeneous ideal / C k[X.] such that A = k[X.]/I 
and F d E identifies with the canonical immersion Proj(A:[X.]//) C Proj(A;[X.]). We may 
assume that x' E F C E lies in the standard open subset ^^-(Xo) C Proj(A;[X.]) = E. If 
furthermore k{x') = k{x) = kaswe assume, then S — 0, and by equality in the middle of 
(2.14) and the proof of lemma 8 in [H4] there is a graded A;-algebra B and an isomorphism 
of graded A;[Xo]-algebras A = B[Xo]. 

On the other hand, let n be the maximal ideal of O, and let Zi,. . . ,Zs G n be elements 
whose images Zi,. . . ,Zs G n/n^ form a basis of n/p + n^. Then one has an isomorphism 
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of graded algebras 

A[Zi,...,Z,] = ^rn(C») 

induced by the canonical map A gr^iO), because p C is permissible ([HI] 11 1. 
Proposition 1). This shows that the image of Xq in n/n^, is not zero and not a zero 
divisor in grn{0). Therefore the image of G i? in O is not zero and not a zero divisor 
in O. 

Now we claim that every element in the kernel of O — > O' is annihilated by a power of 
Xq, which then gives a contradiction if this kernel is non-zero. Let R' — Oz',x' be the 
monoidal transform of R with center P corresponding to x' G Z', where p = P/ J, and let 
J' C R' be the strict transform of J, so that O' :— Ox',x' = R' I J'- Then, since 

R! = .... ^1^-1 and PR' = xqR! , 

it follows from [HI] HI Lemma 6, p. 216 that there are generators fi,...,fm of J and 
natural numbers rii, . . . , rim such that J' is generated by /i/xq\ . . . , /^/xq'". Evidently 
this implies that every element in the kernel of (!) — > O' is annihilated by a power of xq. 

Now consider the case that the residue field extension k{x')/k{x) is arbitrary. We reduce 
to the residually rational case {k{x') = k{x)) by the same technique as in [H4]. As there, 
one may replace X by SpecOx,a;, and consider a cartesian diagram 

x' X' X' x' 

■Kx 

X X < — - — X X , 

where i is a faithfully flat monogenic map which is either finite or the projection X = 
A]^ X, and / is the blow-up of D = i~^{D), which is again permissible. Moreover, 
X E X is the generic point of i^^{x) such that k{x) is a monogenic field extension of k{x), 
and there is a point x' e X' which maps to x' G X' and x E X and satisfies k{x') — k{x'). 
Furthermore one has the inequalities 

where 5 = tr.deg{k{x') / k{x)) (= 6 if k{x)/k{x) is algebraic, and 5—1 otherwise). By our 
assumption all inequalities become in fact equalities, and by induction on the number of 
generators of k{x') over k{x) (starting with the residually rational case proved above), we 
may assume that O - ^ O ^, is injective. Since Ox,x ~^ injective, we obtained 

the injectivity of Ox,x Ox',x'- This completes the proof of (2), and while doing it, we 
also proved the claims in (3). 

Finally we prove (4). Still under the assumption that X is embedded in a regular excel- 
lent scheme Z, Hironaka proved in [H2] Theorem (1,A), that the equality i'*,{X',Z') = 
i'*{X,Z) implies the inequality in (4). Together with (2) and (6) this implies (4) and 
finishes the proof of Theorem 2.10. □ 

Corollary 2.12 For u G S™"^ (cf. Definition 1.36), either u ^ T^x' or u e S^?^. We 
have 

X'{v) C t:x\X{v)) and t:x\X{v)) C \Jx\h). 
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Definition 2.13 Let the assumption be as in Theorem 2.10 and put k' — k{x'). 

(1) x' & T^x^ix) is near to x if Hx'{x') = Hx{x). 

(2) x' is very near to x if it is near to x and ex'^X') + S^'/x = ^^(X)^/ = ex{X). 

We recall another result of Hironaka which plays a crucial role in this paper. Let again 
D be a permissible closed subscheme of an excellent scheme X, and let 

7rx:X' = BiD{X) X and 

be the blowup with center D. Take any points x E D and x' e Trx^{x). 

Theorem 2.14 Assume that x' is near to x. Assume further that char(fi;(a;)) = 0, or 
char(fi;(a;)) > dim(X), where k{x) is the residue field of x. Then 

a;'eP(Dir,(X)/r,(D)) C7r^^(x), 

where ¥{y) is the projective space associated to a vector space V . 

Proof First we note that the inclusion above is induced by the inclusion of cones 
(i.e., spectra of graded algebras) 'Dvi:x{X) /Tx{D) C Cx{X) /Tx{D) and the isomorphism 
Cx{X)/Tx{D) = Cd{X)x of cones from Theorem 2.2 (2)(ii). More precisely, it is induced 
by applying the Proj-construction to the surjection of graded A;(x)-algebras 

Ad = grn^{Ox,.)/Sym{Tx{D)) ^ Sym(Dzr,(X))/Sym(T,(D)) = Bd 

where we identify affine spaces with the associated vector spaces and note that Proj(A£)) = 
nx^{x). Since the claim is local, we may pass to the local ring O = Ox,x of X at x. Further, 
we may consider the base change with the completion O = Ox,x of Ox,x with respect 
to the maximal ideal C Ox,x, because O ^ O is fiat. Since every complete excellent 
local ring is a quotient of a regular (complete) excellent ring, we then may assume that 
X is embedded into a regular excellent scheme Z. li nz ■ Z' — BioiZ) ^ Z denotes the 
blowup of Z in D, we have a further inclusion 

F{Cx{X)/Tx{D)) = 7rx\x) C P(T,(Z)/T,(D)) = tTz^x) . 

Therefore the claim that x' E P(Dir^(X)/T,(L')) follows from [H4], Theorem IV and [H5], 
Theorem 2. In fact, by the latter reference there is a certain canonical subgroup scheme 
Bp^x' C V = Tx{Z)/Tx{D) just depending on a;' e P = P(V), which has the following 
properties. It is defined by homogeneous equations in the coordinates of V, hence a 
subcone of V, and the associated subspace ¥{Bp^x') contains x'. Moreover, it is a vector 
subspacc of V if char(/t(a;)) = 0, or char(/t(a;)) = p > with p > dim{Bp^x')- On the other 
hand, by the former reference, the action of Bp x' on V respects Cx{X)/Tx{D) if x' is near 
to X. Since e Cx{X), we conclude that Bp x' is contained in Cx{X)/Tx{D), and hence has 
dimension at most d — dim(X) — dim{D) < dim(X). Therefore, by the assumption p > 
dim(X), Bp^x' is a vector subspace of Cx{X)/Tx{D) and is thus contained in the biggest 
such subspace - which is Dir^(X)/r^(D). Therefore x' e P(Sp,^/) C ¥{Dux{X)/Tx{D)). 
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Lemma 2.15 Consider X{u) for v e E^'^^. Let n : X' = BioiX) ^ X be the blowup 
with permissible center D contained in X{u). Let Y C X[i') be an irreducible closed 
subset which contains D as a proper subset. Then: 

(1) Y' C X'{v), where Y' C X' be the proper transform. 

(2) Assume char(fi;(a;)) = 0, or char (fi;(a;)) > dim(X). Then we have ex{X) > 1 for any 
xeD and e^>{X') > 1 for any x' e n'^D) D Y'. 

Proof Let rj (resp. be the generic point of Y (resp. Y'). Take points x & D and 

x' G n~^{x) n Y'. Then we have 

Hx{x) > Hx'{x') > Hx'iv') = Hxiv), 

where the first inequahty follows from Theorem 2.10(1), the second from theorem 1.34, 
and the last equality follow from the fact Ox,?? — Cx',??'- Since Y C X{i/), we have 
Hx{x) = Hxif]) — I' so that the above inequalities are equalities. This implies Y' C 
X'(z/), which proves (1). Next we show (2). If e^(X) = for a; G -D, then there is no point 
of B£x{X) which is near to x by Theorem 2.14. Thus (1) implies ex{X) > 1. To show 
ex'{X') > 1 for x' e 7r-'^{D) n Y', let W C X' he the closure of x' in X'. By assumption 
is a proper closed subset of Y'. Since ex'{X') is a local invariant of Ox',x', we may 
localize X' at x' to assume W is regular. Then, by Theorem 2.3, W C X' is permissible. 
Now the assertion follows from the previous assertion applied to Biw[X') X'. D 
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3 ^-Permissible blow-ups - the embedded case 



Let Z be an excellent regular scheme and let B C Z be a simple normal crossing divisor 
on Z. For each a; G let B(x) be the subdivisor of B which is the union of the irreducible 
components of B containing x. 

Definition 3.1 Let D (Z Z be a regular subscheme and x & D. We say D is normal 
crossing (n.c.) with M at x if there exists Zi, . . . ,Zd, a system of regular parameters of 
R :— Oz,x satisfying the following conditions: 

(1) D Xz Spec(i?) = Spec(i?/(2;i, . . . ,Zr)) for some 1 < r < d. 

(2) M{x) XzSpec{R) = Spec{R/ (Uzj)) for some J c{l,...,d}. 

We say D is n.c. with M if D is n.c. with B at any point x & D. 

Note that D is n.c. with B if and only if D is transversal with the intersection of any set 
of irreducible components of B which does not contain D. 

Let D C Z be n.c. with B. Consider Z' = BId{Z) ^ Z. Let B = B^bxzb(B) C Z' 
be the strict transform of B in Z' , let E := 7i'^^{D) be the exceptional divisor, and let 
B' = B U E' be the complete transform of B in Z'. We easily see the following: 

Lemma 3.2 B and B' are strict normal crossing divisors on Z' . 

For the following, and for the comparison with the next section, it will be more convenient 
to consider the set B — C(B) of irreducible components of B. 

Definition 3.3 A simple normal crossings boundary on Z is a set B = {Bi, . . . , S„} of 
regular divisors on Z such that the associated divisor div(;B) = BiU . . . Bn is a (simple) 
normal crossings divisor. For x E Z let B{x) = {B E B \ x E B}. Often the elements of 
B are also called components of B. 

An equivalent condition is that the Bi intersect transversally, i.e., that for each subset 
{ii, . . . ,ir} G {1, . . . ,n} the intersection Bi^ Xz ■ ■ ■ Xz Bi^ is regular of pure codimension 
r in Z. The associations 

(3.1) B^B = C(B) , S^B = div(fi) 

give mutual inverse bijections between the set of simple normal crossing (s.n.c.) divisors 
on Z and the set of simple normal crossing (s.n.c.) boundaries on Z, and we will now use 
the second language. Via (3.1) the above definitions correspond to the following in the 
setting of boundaries. 

Definition 3.4 (a) A regular subscheme D <Z Z is transversal with a s.n.c. boundary B 
at X if for B{x) = {Bi, . . . , Br} it intersects all multiple intersections Bi^ Xz ■ ■ ■ Xz B^^ 
transversally, and D is normal crossing (n.c.) with B at x if it is transversal with B{x) — 
B{x)jj, where B{x)jj = {B E B{x) \ D C D}. 
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(h) If D is n.c. with B, and Z' = BId^Z) — ^ Z is the blow-up of D, then the strict and 
complete transform of B are defined as 

B:^{B\B eB} , B' -.^BU {E} 

where B = Bi£,y.^B{B) is the strict transform of B in Z , and E = pi^^{D) is the 
exceptional divisor. (Note that B and B' are s.n.c. boundaries on Z' by Lemma 3.2.) 

In the following, consider a regular excellent scheme Z and a simple normal crossing 
boundary B on Z. Moreover let X C Z be a closed subscheme. 

Definition 3.5 Let D <Z X be a regular closed subscheme and x & D. We say D is 
B-permissible at x if D <Z X is permissible at x and D is n.c. with B at x. We say 
D <Z X is B-permissible if D <Z X is permissible at all x & D. 

Definition 3.6 A history function for B on X is a function 

(3.2) O: X ^{subsets of B}; x^O{x), 

which satisfies the following conditions: 

(01) For any x e X, 0{x) C B{x). 

(02) For any x,y E X such that x e {y} and Hx{x) — Hx{y), we have 0{y) C 0{x). 

( 03) For any y & X , there exists a non-empty open subset U C {y} such that 0{x) — 0{y) 
for all X & U such that Hx{x) — Hx{y). 

For such a function, we put for x & X, 

N{x)^B{x)-0{x). 

A component ofB is called old (resp. new) for x if it is a component ofB{x) (resp. N(x)). 

A basic example of a history function for 5 on X is given by the following: 

Lemma 3.7 The function 0{x) — B{x) (x & X), is a history function for B on X. In 
fact it satisfies 3.6 (02) and (03) without the condition IIx{x) — Hx{y). 

Proof Left to the readers. 
Define a function: 

RO-.X^f^xn-x^ (Hxix), I 0(x) I), 
where | 0(a;) | is the cardinality of 0{x). We endow x N with the lexicographic order: 

{j^, A*) > {j^' , fi') ly > ly' or 1/ — v' and // > //'. 

The conditions in 3.6 and Theorem 1.34 immediately imply the following: 

Theorem 3.8 Let the assumption be as above. 

(1) If X E X is a specialization of y e X, then IIx{x) > Hx{y). 
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(2) For any y & X , there is a dense open subset U of {y} such that H^{y) — H^{x) 
for any x & U. 

In other words (see Lemma 1.35), the function is upper semi-continuous on X. By 
noetherian induction Theorem 3.8 imphes 

■= {H^{x)\xeX}cN''xN 

is finite. We define j]^'"*"^ to be the set of of the maximal elements in E^. 

Definition 3.9 (1) For v e we define 

X{y) = X°{y) = {x e X I E^{x) = v} 

and 

X{> V) = X°{> u) = {xeX\ H^{x) > v} , 

and we call 

(3.3) Xl,= U X{v). 

~^^0 ,max 

the O- Hubert- Samuel locus of X. 
(2) We define 

Dir^(X) Dir,(X) n f| F,{B) (lT,{Z). 

Beo(x) 

e^(X) = dim«(.)(Dir^(X)). 

By Theorem 3.8 and Lemma 1.35, X{i/) is locally closed, with closure contained in X{> v). 
In particular, X{y) is closed for v e y!^'^^^ ^ ^j^g union in (3.3) is disjoint, and X^^^^ is a 
closed subset of X. Theorems 2.2 and 2.3 imply the following: 

Theorem 3.10 Let D <Z X be a regular closed subscheme andx e D. Then the following 
conditions are equivalent: 

(1) D d X is permissible at x and there is an open neighborhood U of x in Z such that 
DnU G B for every B e 0{x). 

(2) Hx{x) = H^iy) for any y & D such that x is a specialization of y. 
Under the above condition, we have 

(3.4) T,{D) C Dir^(X). 

Definition 3.11 Call a closed subscheme D <Z X O -permissible at x, if it satisfies the 
equivalent conditions in Theorem 3.10. 

Renicirk 3.12 Note that D d X is B-permissible at x if and only if D is O -permissible 
at X and n.c with N{x) at x. 
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Theorem 3.13 Let the assumption be as in Theorem 3.10 and assume that D is irre- 
ducible. Assume: 

(1) D <Z X is O-permissible at x. 

(2) e,,(X) = e^{X) - dim(OD,x) (cf. Theorem 2.6), 
where rj is the generic point of D. Then we have 

e^{X)<e^{X)-dim{On,:c). 

Proof First we claim that (1) and (2) hold after replacing x by any point y & D such 
that X e {y} and {y} is regular at x. Indeed the claim follows from the inequalities: 

H'^in) < H%) < H^{x), 
er,{X) < ey{X) - dim{OD,y) 

< (e,(X) - dim(0^ J) - dim{OD,y) = e,{X) - dim(C»c,a.), 

which follows from Theorems 3.8 and 2.6. By the claim we are reduced to the case where 
dim{On,x) = 1 by the same argument as in the proof of Theorem 2.6. Let R — Oz,x and 
let J C p C i? be the ideals defining X G Z and D G Z, respectively. Let Rp is the 
localization of i? at p and Jp = JRp. By Lemma 2.8 (2) implies that there exists a part 
of a system of regular parameters y = {yi, . . . ,yr) of R such that y G p and that 

/Dir(7?p/Jp) = (iupiyi), . . .,inp{yr)) C grp(i?p), 
/Dh(i?/ J) = {iumiyi): . . . , irimiyr)) C gr„(-R), 

We can take 6i, . . . ,6s E R such that (yi, . . . ,yr,9i, . . . , Og) is a part of a system of regular 
parameters of R and that there exists an irreducible component of 0{x) for each 
i — l,...,s such that Xz Spec(i?) — Spec{R/ {9i)) and 

7Dir°(i?/J) = {in^{yi), . . . ,in^{yr),in^{ei), . . . ,in^{es)) , 

where IT)u°{R/J) C gr^(i?) is the ideal defining Dir^(X) C T^{Z). Now (1) implies 
0{x) — 0{r]) so that D C Bi and e p for alH = 1, . . . , s. Hence (yi, . . . , y^, ^i, ■ ■ ■ , ^s) 
is a part of a system of regular parameters of Rp and 

7Dir°(i?p/Jp) D {inp{yi), . . . ,inp{yr),inp{9i), . . . ,inp{9s)), 

which implies the conclusion of Theorem 3.13. □ 

Let D G X he a ;B-permissible closed subscheme. Consider the diagram 

X' = BloiX) ^ X 
(3.5) i i 

Z' = B£d{Z) ^ Z 

and let B' and B be the complete and strict transform of B in Z', respectively. For a 
given history function 0{x) (x £ X), wc define functions O', O : X' — > {subsets of B'} 
as follows: Let x' e X' and x — Trx{x') G X. Then define 



(3.6) 0'{x') 



0{x) n B'{x') if Hx'ix') = Hx{x) 
B'(x') otherwise, 
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where 0{x) is the strict transform of 0{x) in Z', and 
(3.7) d{x') = 



0{x) n B'{x') if Hxix') = Hx{x) 
B{x') otherwise. 



Note that 0'{x') = 0{x') = 0{x) n B{x') if x' is near to x. 

Lemma 3.14 The functions x' — > 0'{x'), x' — > 0{x') are history functions for B' on X. 
The proof of Lemma 3.14 will be given later. 

Definition 3.15 We call {B', O') and {B, O) the complete and strict transform of {B, O) 
in Z', respectively. 

Theorem 3.16 Take points x E D and x' E 7r^^(a;). Then H^,{x') < H^',{x') < H^{x). 
In particular we have 

7:-x\X^\v)) C U for D e S^-, 

and the same holds for O in place of O' . 

Proof This follows immediately from Theorem 2.10, (3.6) and (3.7). 

In the following we mostly use the complete transform {B\ O') and, for ease of notation, 
we often write H^,{x') and S^, instead of H^',{x') and S^',, similarly for E^',"*"^ etc., 
because everything just depends on O. 

Definition 3.17 We say that x' e tIx^{x) is 0-near to x if the following equivalent 
conditions hold: 

(1) HO{x') = HO{x) H%{x') = HO{x) ^ HO,{x') = i/«(x) 

(2) x' is near to x and contained in the strict transforms of all B e 0{x). 

Call x' very 0-near to x if x' is 0-near and very near to x and e^,(X') = e^(X) — S^'/x- 

The following result is an immediate consequence of Theorem 2.14 and definition 3.3 (2). 

Theorem 3.18 Assume that x' G X' is 0-near to x = nzix') e X. Assume further that 
char(«;(a;)) = 0, or char(fi;(a;)) > dim(X), where k{x) is the residue field of x. Then 

x' e P(Dir^(X)/T,(L')) C P(r,(Z)/r,(L')) = t:-z\x) 



Proof of Lemma 3.14: Take y\x' G X' such that x' G {y'} and Hx'{x') = Hx'ig). We 
want to show 0'{y') C 0'{x'). Put x — 7rx{x'),y — nx{y') G X. We have x G {y}. By 
Theorems 1.34 and 2.10 

Hx'iy') < Hx{y) < Hx{x) > Hx'{x') = Hx'iy'). 
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First assume Hx{x) > Hx'{x'), which imphes Hx'{y') = Hx{y) = Hx{x). By 3.6 (02) 
and (3.6) we get 

0'{y') = 0(J) n B'{y') cO{x)n B'{x') = 0'{x'). 

Next assume Hx{x) > Hx'{x'). Then, by Lemma 3.7 and (3.6), we get 

0\y')ciB'{y')ciE'{x')^0\x'). 

Next we show that for y' G X', there exists a non-empty open subset U' C {y'} such that 
Hx'{x') = Hx'iy') and 0'{x') = 0'{y') for all x' e U'. Put y = tixW). By Lemma 3.7 
and 3.6 (03), there exists a non-empty open subset U C {y} such that Hx{x) = Hx{y), 
B{x) = B{y) and 0{x) = 0{y) for all x E U. By Theorem L34(3) and Lemma 3.7, 
there exists a non-empty open subset U' C {y'} fl tc]^^{U) such that Hx'{x') = Hx'{y') 
and B\x') = B'{y') for all x' e C/'. We now show U' satisfies the desired property. 
Take x' G U' and put x — 7rx{x'). By the assumption we have Hx'{x') — Hx'{y') and 
Hx{x) = Hx{y). 

First assume Hx'{x') — Hx{x), which implies Hx'{y') = Hx{y)- By (3.6) we get 

0'{y') = 0(J) n B'{y') = O^) n B'{x') = O'(x'). 
Next assume Hx'{x') < Hx{x), which imphes Hx'{y') < Hx{y)- By (3.6) we get 

0\y')^B'{y') = B'{x') = 0'{x'). 
This completes the proof of Lemma 3.14 for (B', O'). The proof for (B, O) is similar. □ 

For x' G X' let N\x') = B\x') — 0'{x') be the set of the new components of {B', O') for 
x'. If x' is near to x = 7rx(a;') G D, i.e., Hx'{x') = Hxix), then 

(3.8) Ar'(a;') = {N{x) n i3'(a;')) U {^} with E = tTz^D) 

where N{x) is the strict transform of N{x) in X'. If x' is not near to x, then N'{x') — 0. 
Similarly, 7V(x') = B(a;') -O(x') = ivQ nB(a;') C A^'(x') if x' is near to x, and N(x') = 0, 
otherwise. We study the transversahty of N'{x') with a certain regular subscheme of E. 

Definition 3.19 For a K{x)-lmear subspace T C Tx{Z), we say that T is transversal with 
N{x) (notation: T rh N{x) ) if 

dim,(,) (rn n T,{B)) = dim,(,)(T)- | N{x) I . 

Lemma 3.20 Let nz '■ Z' = Bir){Z) ^ Z be as in (3.5). Assume D = x and T ftl N[x). 
Then the closed subscheme F{T) <Z E — ¥{Tx{Z)) is n.c. with N\x') and N{x') at each 
x' G 'K^{x). 

Proof Let R = Oz.x with the maximal ideal m. For each B G N{x), take Kb E R such 
that B xz Spec(i?) = Spec(i?/(/iB))- Put Hb = irimihB) G gr}^(i?). In view of (3.8) the 
lemma follows from the following facts: The ideal (Hb) C gr^(i?) defines the subschemes 

T.{B) C T,{Z) = Spec(gr„(i?)) and E Xz' B C E ^ Proj(gr„(i?)), 

where B is the strict transform of S in Z'. □ 
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Lemma 3.21 Let nz : Z' = B^oiZ) ^ Z be as (3.5). Assume T fh N{x) andT^{D) C T 
and dimK(x){T/Tx{D)) — 1. Consider 

{x'} = P(T/7;(L>)) C P(T,(Z)/T,(L>)) = n^^x). 

Let D' G E be any closed subscheme such that x' G D' and tiz induces an isomorphism 
D' D. Then D' is n.c. with N'(x') and N{x') at x'. 

Proof It suffices to consider N'{x'). For B G Bd we have Tx{D) C Tx{B) so that the 
assumptions of the lemma imply Tx{B) fl T = Tx{D). By the argument of the last part 
of the proof of Lemma 3.20, this implies {x'} = ¥{T /Tx{D)) ^ B. Thus we are reduce to 
show D' is n.c. with N'{x') (1 {B — BnYix'), which follows from the following: 

Lemma 3.22 Let Z be a regular scheme and D,W (Z Z be regular closed subschemes 
such that D and W intersect transversally. Let ti : Z' = Bl^^Z) — >• Z and let W be the 
strict transform ofW in Z' . Suppose D' d E :— tt^^{D) is a closed subscheme such that 
TT induces an isomorphism D' ^ D. Then D' and W intersect transversally. 

Proof By definition, W = Binrtwi^)- The transversality oi D and W implies BlonwiW) — 
BioiZ) XzW = Z' Xz W. Thus 

E Xz'W E Xz' (Z' XzW) ^ E XzW ^ E XoiD XzW). 

Hence we get 

D'xz'W ^D' Xe {E Xz' W) ~ D' Xe {E Xd{Dxz W)) ^ D' Xd{D XzW) c^W Xz D, 

where the last isomorphism follows from the assumption D' ^ D. This completes the 
proof of the lemma. □ 

Theorem 3.23 Let ttz : = B£d{Z) ^ Z be as (3.5). Take x e X and x' e 7r^^(x). 
Assume char(«;(x)) = 0, or char(«;(x)) > dim(X). 

(1) If x' is O-near and very near to x, then e^,{X') < e^{X) — S^'/x- 

(2) Assume x' is very O-near and N{x) ftl Dir^(X). Then N'{x') rh Dir^,(X'). 

Proof We first show (1). Assume that x' is O-near and very near to x. For the sake of the 

later proof of (2), we also assume N(x) iti Dir^(X). By doing this, we do not lose generality 
for the proof of (1) since we may take N{x) = 0. Put R = Oz,x (resp. R' = Oz',x') with 
the maximal ideal m (resp. m') and k = k,{x) = R/m (resp. k' = n{x') = R'/m'). By the 
assumption there exists a system of regular parameters of R 

iVl, ■■■,yr,dl,---,Oq,Ui,..., Ua, ■ ■ ■ , Ua+b, Vi, . . . , V^, V^+l, V^+t) 

satisfying the following conditions: Fixing the identification: 

gr^{R) = k[Y, e, U, V] = k[Y,,..., Yr, Q^, . . . ,Q„U,, . . . , Ua+b, V^, . . . , K+t], 
(Yi = iriraiVi), ©j = iriraiOi), Ui = iriraiui), Vi = iriraivi) G grl,{R)) 
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(i) Dxz Spec(i?) = Spec(i?/(yi, . . . ,yr, ,ui, . . . , Ua+b))- 
(a) /Dir^(X) = (Fi, ...,Yr) C grjR) (cf. Definition 1.28), 

(iii) For 1 < i < q, there exists B G 0{x) such that B Xz Spec(i?) = Bg\ where 
Bg^ Spec{R/ {6i)), and we have 

Dir^(X)=Dir.(X)n n T.(S«). 

l<t<q 

(iii) N{x)xzSpec(R)= [j U J ^i'^'^- 

i<j<fe i<i<t 

Here = Spcc(i?/(Mi)), fi^^'^ = Spec{R/ {vj)). Let fi^^^^ (rcsp. resp. B'^^''^) be the 

strict transform of B^ ^ (resp. resp. Bi'^) in Spec(i?')- Let 

E^{ie[a + l,a + b]\x' e B'J^}. 
By Theorem 3.16 there exists io G [1, a + 6] — S such that 

{y'l,---, y'r, ^'i, • • • , ^g, w^, u'j {j e s), vi, . . . , -y.+t), 

where w = ui^^, y[ = Ui/w, 9[ = 9/w, u'j — uj/w, is a part of a system of regular parameters 
of R' so that the polynomial ring: 

k'[Yi, y;, e;, ...,%w, c/; u eE),v,,..., v^+t], 

where Y/ = in^'{y'i), ©• = in^'{0[), W = in^'{w), C/j = in^'iu'j), is a subring of gr^,(i?')- 
It also implies 

N'{x') := (J B'^^ U [jBf^ U |J B'J'+'\ 

i€N'{x') ieS l<j<t 

where E = 7r^^(£') and x ^ Spcc(7?) = Spcc(i?/(w)). Note 

T,iE) C mz') = Spec(gr^,(i?')) is defined by {W) C gr^,(i?')- 

Moreover 

T^iB's^''^) C T,K^') is defined by (0,) C gr„,(^')- 

T,'{B'J'^) C r,,(Z') is defined by {UD C gr„,(i?') for i G H. 

C n,{Z') is defined by (y,) C gr„,(i?'). 

On the other hand, by Theorem 8.3 the assumption that x' is very near to x implies that 
there exist Xi, . . . , Xr & k' such that 

7Dir,,(X') = (Y; + X,W,..., Y; + XrW) C gr„,(i?'). 

so that 

(3.9) /Dir^,(X') D (F/ + X^W, . . . , + XrW,Q,,---, ©,)• 

This clearly implies the assertion of (1). If x' is very 0-near, the inclusion in (3.9) is 
equality and then it implies N'(x') iti Dir^,(X'). Thus the proof of Theorem 3.23 is 
complete. □ 
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Corollary 3.24 Let nz '■ Z' = Bl£,{Z) ^ Z he as (3.5) and take closed points x E D and 
x' E n]^^(x) such that x' isO-neartox. Assume ohax^K^x)) = 0, or char (a;)) > dim(X). 
Assume further that there is an integer e > for which the following hold: 

(1) ej;(X)K(a;') < e, and either e <2 or k{x') is separable over k{x). 

(3) 7V(x) rh Dir^(X) oreO{X)<e-l. 
Then N\x') dn Dir^,(X') or e^,{X') < e - 1. 
Proof We claim 

If e°,{X') > e, then e^{X) = e = e^f{X') and e^{X) = e = e^,(X'), so that x' is very 
0-near to x. 

First we show the first equality which implies x' is very near to x. Indeed the assumption 
implies by Lemma 1.22 and Theorem 2.10 

e < e%{X') < e,>{X') < e,(X),(,,) < e. 

Hence ex'{X') = ex{X)f^(^x') = e. It remains to show ex{X) = e. If k,{x') is separable 
over this follows from Lemma 1.22(2). Assume e < 2 and e^iX) < ex{X)i^i^x') — 2. 

Then Theorem 2.14 implies that k,{x') = k{x) so that e.^(X) = e-r(X)«;(j;/), which is a 
contradiction. Since x' is very near to x, Theorem 3.23 (1) implies 

e < e^,{X) < e^{X) < e,{X) < e, 

which shows the second equality and the claim is proved. 

By the claim, if e^(X) < e — 1, we must have e^, (X') < e — 1. Hence it suffices to 
show N'{x') rtl Dir^,(X') assuming N{x) fti Dir^(X) and e^,(X') > e. By the claim the 
second assumption implies that x' is very 0-near to x. Therefore the assertion follows 
from Theorem 3.23 (2). □ 

Definition 3.25 Call (B, O) admissible at x E X, if N{x) fh T^{X), and call {B,0) 
admissible if it is admissible at all x E X. 

We note that admissibihty of {B,0) at x implies BI{x) C 0{x), where BI{x) is defined 
as follows. 

Definition 3.26 Call B E B inessential at x E X, if it contains all irreducible compo- 
nents of X which contain x. Let 

BI{x) ^ {B E B \ Z C B for all Z E I{x)} 

be the set of inessential boundary components at x, where I{x) is the set of the irreducible 
components of X containing x. 

Definition 3.27 Call x E X 0-regular (or X O-regular at x), if 
(3.10) i/0(x) = (^-MS/(x)|). 

Call X O-regular, if it is O-regular at all x E X. 
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Lemma 3.28 // {B, O) is admissible at x and X is O-regular at x, then X is regular and 
normal crossing with B at x. 

Proof The first claim follows from Lemma 1.32. Since x is regular, the assumption 
N{x) (ti Tx{X) means that N{x) is transversal to X at x. On the other hand, for the 
(unique) connected component W on which x lies we have W <Z B ior all B e BI{x) — 
0{x) where the last equality holds by assumption. Thus X is n.c. with B at x. □ 

The following result should be compared with Theorem 3.23. 

Lemma 3.29 Let ttx ■ X' = Bir,{X) ^ X be as in (3.5). // {B, O) admissible at x e X, 
then {B',0') and {B,0) are admissible at any x' e tIx^{x'). 

Proof The proof is somewhat similar to that of Theorem 3.23: If x' is not near to x, 

then N'{x') is empty by definition. Therefore we may consider the case where x' is near 
to x. Look at the surjection R = Oz,x C>x,x with kernel J, and let R = Oz,x Ox,x 
be the corresponding surjection for the local rings of the blowups at x\ with kernel J' . 
Then there is a system of regular parameters for R 

(/l) ■ ■ ■ ) /m; "^1) ■ ■ ■ ) '^^1) ■ ■ ■ ) '^r-\-s) 

satisfying the following conditions: 

(i) J has a standard basis (/i, . . . , /m, /m+i, ■ ■ ■ , fn) with fi, . . . , fm e n - and 
fm+i, . . . , /n e for the maximal ideal n C -R, so that the initial forms oi fi, . . . , fm 
define Tx{X) inside Tx{Z). 

(ii) D Xz Spec(i?) = Spec(i?/(/i, . . . , mi, . . . , «„+&)). 

(iii) N{x) Xz Spec(it:) is given by div('Ua+i), ■ ■ ■ , div{ua+b),div{vs+i), div{vs+t)- 
Let 

E ^ {i e [a + 1, a + b] \ x' e div{ui)'}. 
Then there exists io G [1, a + 6] — S such that 

{fi, ■■■JLw, u'j {j e 5), vi, . . . , v,+t), 

where w — Ui^, // = fi/w, u'j — Uj/w, is a part of a system of regular parameters 
of R'. Since x' is near to x, we have -f^o_^, , = H^^^^ by Theorem 2.10, where 5 — 

trdeg^(^-)(A;(a;'))). Evaluating at 1, wc get dimT2;/(X') + S = dimTx{X). Similarly we 
get dimTj.r{Z') + S = dimT^^Z), and hence dimTa./(Z') — dimTj,/(X') = dimTj.(Z) — 
dimTj,(X). It follows that the initial forms of /{,..., /^^ already define Txr{X') inside 
Tx'{Z'). This shows that N'{x') iti T^^i^X'), because N'{x') is defined by w,u'j (j G 
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4 5-Permissible blow-ups - the non-embedded case 



Let X be an excellent scheme. We start with the following definition. 

Definition 4.1 A boundary on X is a multiset B = {{-Bi, . . . , -Br}} of locally principal 
closed subschemes of X. 

Recall that multisets are 'sets with multiplicities'; more precisely a multiset of r elements 
is an r-tuple in which one forgets the ordering. One can also think of sets in which an 
element can appear several times. This then makes clear how one can define elements, 
cardinalities, inclusions, intersections and unions of multisets. Note also that the locally 
principal subschemes need not be divisors; e.g., they could be X itself. Both this and the 
use of multisets is convenient for questions of functoriality, sec below. 

In the following, let X be an excellent scheme and let B = {{Bi, . . . , -B„}} be a boundary 
on X. Sometimes, we also call the elements of B components of B. For each x E X, let 
B{x) C B be the submultiset given by the components containing x. We note that this 
definition is compatible with arbitrary localization in X. For any morphism f : Y ^ X 
we have a pull-back 



Note that, even if we start with a true set of locally principal divisors on X, the pull-back 
will be a multiset if there are Bi ^ Bj in B with (-Bi)y = {Bj)Y, and we could have that 
some (-Bj)y is not a divisor. For x E X we let Bx — f~^{B) with / : Spec{Ox,x) X, 
which is a boundary on X^ — Spec{Ox,x)- 

Definition 4.2 Let D d X be a regular subscheme and let x E D. We say D transversal 
with B at X if for each submultiset {{An ■ ■ ■ , Bi^}} C B{x), the scheme-theoretic inter- 
section D Xx Bi^ Xx Bi,^ Xx ... Xx Bi^ is regular and of codimension r in D at x. (So 
this can only hold if B{x) is a true set.) We say D is normal crossing with B at x if D 
is transversal with B{x) — B{x)j-, where 



Say that D is transversal (resp. normal crossing) with B, if D is transversal (resp. n.c.) 
with B at every x E D. 

Definition 4.3 Let D d X he a regular closed subscheme and x E D. We say D d X 
is B-permissible at x if D (Z X is permissible at x and D is n.c. with B at x. We say 
D <Z X is B-permissible if D <Z X is B-permissible at all x E D. 

Let D d X he any closed subscheme and let 5 be a locally principal (closed) subscheme 
of X. We now define a canonical locally principal subscheme B' on X' = B£d{X) X, 
the blow-up of X in D. Locally we have X = Spcc(74) for a ring A, D is given by an ideal 
a, and B is given by a principal ideal fA, f E A. In this situation, BiuiX) = Proj(74(a)) 
for the graded 74-algebra ^4(0) = ©n>oo'^- Define the homogenous element 



(4.1) 



f-\B) -.^BxxY {{By -.^ B Xx Y \ B E B}} . 



B{x) 



D 



{ II E B{x) \ DdB}. 



(4.2) 
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Then the graded principal ideal A[a)B '■= 'i{f)A{<^) only depends on B and not on the 
equation /, because it does not change if / is multiplied by a unit. Thus 



(4.3) B' := Proj(^(a)M(a)s) C Proj(^(a)) = X' 

gives a well-defined locally principal subscheme, which is a divisor if B is. Moreover, 
it is now clear that the definition glues on a general X and gives a well-defined locally 
principal subscheme B' on X'. 

Definition 4.4 The locally principal subscheme B' defined above is called the principal 
strict transform of B in X' . 

In the following, we will always use these principal strict transforms and will call them 
simply transforms. 

Remark 4.5 (a) There is always a commutative diagram of natural proper morphisms 

B ^B' 

B 

where B — BIdxxb{B) is the schem,e-theoretic strict transform of B inX'. All morphisms 
are isomorphisms over B\D, and i : B ^ B' is a closed immersion. However, it is not in 
general an isomorphism, and B need not be a locally principal subscheme. In fact, with 
the notations above, B is locally given by the graded ideal 




(4.4) A(a)B:=©n/Ana" D ^(a)^ 



i„ /a" ^ff^a 
, fa^-' iffea, 



and the indicated inclusion need not be an equality ( or give an isomorphism after taking 
Proj;. 

(b) If X and D are regular, and B is a regular divisor, then B — B' . In fact, with the 
notations above, we may assume that a = p for a regular prime ideal, and locally we 
have /A n p** = fp'^-'vpU)^ because Vp{fa) = Vp{f) + Vp{a). Moreover, Vp{f) e {0, 1} by 
assumption. 

(c) If i : X ^ Z is a closed immersion into a regular scheme Z and M is a simple normal 
crossings divisor on Z, then the set B — C(B) = {Bi, . . . , Br} of irreducible components 
is a simple normal crossings boundary on Z. In particular, it is a boundary in the sense 
of Definition 4-1, md Bx = i~^{B), its pull-back to X, is a boundary on X (which may 
be a multiset). This construction connects the present section with the previous one. (See 
also Lemma 4.. 21 below.) 

Now let B = {{_Bi, . . . , be a boundary on X. Let B[ be the (principal strict) 

transform of Bi in X' , i — 1, . . . ,n, and let E — D Xx X' be the exceptional divisor. 

Definition 4.6 Call B = {{B[, B'J} the strict transform and B' = {{B[, ...,B'^, E}} 
the complete transform of B in X'. 
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We note that E is always a locally principal divisor, so that B and B' are boundaries on 
X. Moreover, we note the following useful functoriality. 

Lemma 4.7 Let Y ^ X be a closed immersion, and assume that D <zY is a nowhere 
dense closed subscheme. Then one has 

{ByY = {B')y' and By = {B)y , 

where Y' = ^ S^d(^) = 

Proof The question is local on X, so we may assume that X = Spec(74) is affine, and 
take up the notations of (4.2). Then Y = Spec(A/b) for an ideal b C o C A, and for 
B e B, B Xx Y e By is given by {fA + b)/b. Thus the case distinction in (4.2) is the 

same for / and / = / + b, and the claim follows from the equality /(a/b)"' = (/a" + b)/b 
in the first case and the equality /(a/b)"^"*^ = (/a"^^ + b)/b in the second case. For the 
exceptional divisor Ex = D Xx X' on X' one has Ex Xx'Y' = D XxY' = D XyY' = Ey, 
the exceptional divisor on y. □ 

Definition 4.8 (1) A history function for a boundary B on X is a function 
(4.5) O : X ^ {submultisets of B} ; x ^ 0{x), 

which satisfies the following conditions: 

(01) For any xeX, 0{x) C B{x). 

(02) For any x,y & X such that x e {y} and Hx{x) = Hx{y), we have 0{y) C 0{x). 

( 03) For any y E X , there exists a non-empty open subset U C {y} such that 0{x) — 0{y) 
for all X eU such that Hx{x) = Hx{y)- 

For such a function, we put for x & X, 

N{x) =B{x)-0{x). 

A divisor B E B is called old (resp. new) for O at x if it is a component of 0{x) (resp. 
N(x)). 

(2) A boundary with history on X is a pair {B,0), where B is a boundary on X and O 
is a history function for B. 

A basic example of a history function for S on X is given by the following: 

Lemma 4.9 The function 0{x) = B{x) (x E X), is a history function for B on X. In 
fact it satisfies 4-8 (02) and (03) without the condition Hx{x) = Hx{y)- 

Proof Left to the readers. □ 
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Define a function: 

H^:X ^N"" xN; {Hx{x), \ 0{x) |), 
where \ 0{x) \ is the cardinahty of 0{x). We endow x N with the lexicographic order: 

Ai) > , jj!) > i^' or V = v' and \x > /i'. 

The conditions in 4.8 and Theorem 1.34 immediately imply the following: 

Theorem 4.10 Let the assumption be as above. 

(1) If X & X is a specialization of y & X, then H^ix) > H^iy)- 

(2) For any y & X, there is a dense open subset U of {y} such that H^{y) — H^{x) 
for any x & U. 

In other words (see Lemma 1.35), the function is upper semi-continuous on X. By 
noetherian induction Theorem 4.10 implies 

:= {H^{x)\xeX}cN'^xN 

is finite. We define E^'"*"^ to be the set of of the maximal elements in . 

Definition 4.11 (1) For v e E^ we define 

X{D) - X^{D) = {xeX\ H^{x) = u} 

and 

X{> v) = X°{> v)^{xeX \ H^{x) > v} , 

and we call 

(4-6) Xl,= U X{1)). 

the O- Hubert- Samuel locus of X. 
(2) We define 

Dir^(X) := Dir,(X) n f| T,{B) CT,{Z). 

BeO{x) 

e^(X) = dim.(.)(Dir^(X)). 

By Theorem 4.10 and Lemma 1.35, X{u) is locally closed, with closure contained in 
X{> D). In particular, X{i)) is closed for D e E^'"*"^, the union in Definition 4.6 is 
disjoint and is a closed subset of X. Theorems 2.2 and 2.3 imply the following: 

Theorem 4.12 Let D C X be a regular closed subscheme and x & D. Then the following 
conditions are equivalent: 

(1) D C X is permissible at x and there is an open neighborhood U of x in Z such that 
DnU C 0{x). 

(2) Hx{x) — Hx{y) for any y & D such that x is a specialization of y. 
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Under the above condition, we have 

(4.7) UD) C Diif(X). 

Definition 4.13 Call a closed subscheme D <Z X O -permissible at x, if it satisfies the 
equivalent conditions in Theorem 4-12. 

RemEirk 4.14 Note that D <Z X is B-permissible at x if and only if D is O -permissible 
and n.c with N{x) at x. 

Let D <Z X he di, B-permissible closed subscheme. Consider the blow-up 

(4.8) X' = B^D{X) ^ X 

ol X m. D, and let B' be the complete transform of B m. X' . For a given history function 
O for B on X, we define functions O' , O : X' ^ {subsets of B'} as follows: Let x' e X' 
and X — Tix{x') & X. Then define 



(4.9) 0\x" 

where 0{x) is the strict transform of 0{x) in X' and 

(4.10) d{x') 



0(x) n B\x') if Hx'{x') = Hx{x) 
B'{x') otherwise, 



0{x) n B\x') if Hx'{x') = Hx{x) 
B{x') otherwise. 



Note that 0'{x') = 0{x') = 0{x) fl B{x') if x' is near to x. 

The proof of the following lemma is identical with that of Lemma 3.14. 

Lemma 4.15 The function X' — > {subsets of B'} ; x' 0'{x') is a history function. 

Definition 4.16 We call {B\ O') and {B, O) the complete and strict transform of {B, O) 
in X' , respectively. 

Results from the previous section (embedded case) have their companions in the non- 
embedded situation. We start with the following theorem analogous to Theorem 3.16. 

Theorem 4.17 Take points x e D and x' e 7rx^{x). Then H^,{x') < H^',{x') < H^{x). 
In particular we have 

^xiX'^'i^)) C U X'^'(/I) for u e E--, 
and the same holds for O in place of O'. 

Proof This follows immediately from Theorem 2.10, (4.9) and (4.10). □ 
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In the following we mostly use the complete transform {B', O') and, for ease of notation, 
we often write H^,{x') and E^, instead of H^,{x') and S^',, similarly for Xl^',"*"^ etc., 
because everything just depends on O. 

Definition 4.18 We say that x' e 'k1^{x) is O-near to x if the following equivalent 
conditions hold: 

(1) HO,[x') = HO[x) HZ{x') = HO[x) ^ = RO^x) ). 

(2) x' is near to x and contained in the strict transforms of B for all B G 0{x). 

Call x' is very O-near to x if x' is O-near and very near to x and e^i{X') = e^{X) — Sx'/x- 

The following result, the non-embedded analogue of Theorem 3.18, is an immediate con- 
sequence of Theorem 2.14 and Definition 4.11(2). 

Theorem 4.19 Assume that x' G X' is O-near to x = 7t{x') G X . Assume further that 
char(K(a;)) — 0, or char(K(x)) > dim(X), where k{x) is the residue field of x. Then 

x' G P(Dir^(X)/r,(L>)) C nCx{X)lTx{D)) = 7r^i(x) 

Results in the non-embedded case which depend only on the local ring at a point (of the 
base scheme) can often be reduced to the embedded case. This rehes on the following two 
observations. 

Remark 4.20 Let X be an excellent scheme, let B be a boundary on X, and let x G X . 
Assume a property concerning {X, B, x) can be shown by passing to the local ring O — 
Ox,x, o^nd its completion O. Then the following construction is useful. The ring O is the 
quotient of a regular excellent ring R. Let B{x) — {{Si, . . . , -B,}}, and let /i, . . . , be 
the local functions defining them in Ox,x (so we can have fi — fj for i ^ j). Then we get 
a surjection 

R[Xu...,Xr]^Ox,cc 

mapping Xi to fi, and the functions X^ define a simple normal crossings boundary on 
Z — Spec(i?[Xi, . . . ,Xt]), such that B{x) is its pull-back under Spec(Cx^a;) ^ Z. We 
may thus assume that X can be embedded in a regular excellent scheme Z with simple 
normal crossings boundary Bz, and that B is the pull-back of Bz to X. 

Next we compare several notions for the non-embedded case in the present section with 
the corresponding notions for the embedded situation in the previous section. 

Lemma 4.21 Let i : X ^ Z he an embedding into a regular excellent scheme Z , let B 
be a simple normal crossings boundary on Z , and let Bx = be its pull-back to X. 

(1) For a closed regular subscheme D (Z X and x & D, D is transversal ( resp. normal 
crossing) with B at x in the sense of Definition 3.1 if and only if it is transversal (resp. 
normal crossing) with Bx in the sense of Definition 4-2 (which is an intrinsic condition 
on iX,Bx)). 

(2) Let O be a history function for B in the sense of definition 3.6, and define the function 

Ox-.X^ {submultisets of Bx} , Ox{x) = {{Bx \ B G 0{x)}} . 
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Then Ox is a history function for Bx in the sense of definition 4-8, and one has 

H^''{x) = H^{x) and Dir^^(X) = Dir^(X) 

(and hence e^-^(X) = e^(X) ) for all x & X. Also, for a k{x)-linear subspace T C T^i^X), 
the two notions for the transversality T rh N{x) (Definition 3.19 for E and Definition 
4-23 for Bx) are equivalent. 

(3) A regular closed suhscheme D d X is Bx -permissible in the sense of Definition 4-3 
if and only if it is B -permissible in the sense of Definition 3.5. Moreover, it is Ox- 
permissible in the sense of Definition 4-13 if and only if it is O-permissible in the sense 
of Defimtion 3.11. 

(4) LetD dX be B -permissible, let Hx ■ X' = BioiX) X and nz : Z' = BioiZ) Z 
be the respective blowups in D and i' : X' "-^ Z' the closed immersion. Moreover let O a 
history function for B. Then we have the equalities 

{{Bx)', (Ox)') = iiB')x', (O')x') and {Bx, Ox) = ((B)^', (O)x') 
for the complete transforms and strict transforms, respectively. 

Proof The claims in (1), (2) and (3) easily follow from the definitions. For the claim 
on the directrix in (2) note that T^{Bx) = T^{B)nT^{X) (in T^{Z)). The claim in (4) 
follows from Lemma 4.7. □ 

Now we apply Remark 4.20 and Lemma 4.21. 

Theorem 4.22 Let D C. X be an irreducible B-permissible subscheme. Assume: 

(1) D <Z X is O-permissible at x. 

(2) erjiX) = e^{X) - dim{OD,x) (cf Theorem 2.6), 
where r] is the generic point of D. Then we have 

e^(X)<e^(X)-dun(On,.). 

Proof The question is local around x, and we may pass to Ox,x and then to its comple- 
tion, since X is excellent. By 4.20 and 4.21 we may assume that we are in an embedded 
situation. Thus the claim follows from the corresponding result in the embedded case 
(Theorem 3.13). □ 

Let TTx -.X' ^ BId{X) ^ X be as in (4.8). For x' e X' let N'{x') = B'{x') - 0'{x') be 
the set of the new components of (B', O') for x' . If x' is near to x — Trx{x') G D, i.e., 
Hx'{x') = Hx{x), then 

(4.11) N'{x') = {N{x) n B'{x')) U {E} with E = 7r^^(D) 

where N{x) is the strict transform of N{x) in X'. If x' is not near to x, then N'{x') — 0. 
Similarly, N{x') = B{x')-d{x') = Nix)nB{x') C N'{x') if is near to x, and N{x') = 0, 
otherwise. We study the transversality of N'{x') with a certain regular subscheme of E. 
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Definition 4.23 For a k{x) -linear subspace T C Tx{X), we say that T is transversal 
with N{x) (notation: T iti N{x) ) if 

dim«(,) (Tn n n{B)) = dim«(,)(T)- I N{x) \ . 

Lemma 4.24 Assume D — x, T C Dir^(X) and T iti N{x). Then the closed subscheme 
P(r) gE^^ F{C^{X)) is n.c. with N'{x') (and hence also N{x') ) at x'. 

Proof In the same way as above, we this claim follows from the corresponding result in 
the embedded case (Lemma 3.20). □ 

Lemma 4.25 Let ttx : X' = 5£^(X) ^ X be as (4.8). Assume T rh N{x) and T^{D) C 
T C 'Dhx^X) and dim.^(^x)iT /T^^D)) = 1. Consider 

x' = nT/T,{D)) C nC.{X)/T,{D)) = T,-\x). 

Let D' a E = ^^^{D) be any closed subscheme such that x' e D' and ttx induces an 
isomorphism D' D. Then D' is n.c. with N'{x') at x' . 

Proof In the same way as above, this follows from the reduction to the corresponding 
result in the embedded case (Lemma 3.21). □ 

Theorem 4.26 Letnx : X' = B£d{X) ^ X be as in (4.8). Takex e X andx' e 7r^^(x). 
Assume char(«;(x)) = 0, or char(«;(x)) > dim(X). 

(1) If x' is 0-near and very near to x, then e^,{X') < e^{X) — 5x'/x- 

(2) Assume x' is very O-near and N{x) fh Dir^(X). Then N'{x') Dir^,(X'). 

Proof Reduction to the embedded case (Theorem 3.23). □ 

Corollary 4.27 Let -Kx '■ X' = Bij:,{X) X be as (4.8) and take closed points x E D 
and x' e T^^{x) such that x' is O-near to x. Assume char(fi;(a;)) = 0, or char(fi;(a;)) > 
dim(X). Assume further that there is an integer e > for which the following hold: 

(1) ex{X)^^(x') < e, and either e <2 or n{x') is separable over k{x). 

(3) N{x) dn Dir^(X) ore^{X)<e-l. 
Then N'{x') fh Dir^,(X') or e^,{X') <e-l. 

This follows from Theorem 4.26 like Corollary 3.24 follows from Theorem 3.23. 

Definition 4.28 Call {B,0) admissible at x e X, if N{x) fh T^{X), and call {B,0) 
admissible if it is admissible at all x E X. 

We note that admissibility of (i3, O) at x implies BI{x) C 0{x), where BI{x) is defined 
as follows. 
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Definition 4.29 Call B E B inessential at x E X, if it contains all irreducible compo- 
nents of X which contain X. Let 



be the set of inessential boundary components atx, where I{x) is the set of the irreducible 
components of X containing x. 

Definition 4.30 Call x E X O -regular (or X O -regular at x), if 



Call X O -regular, if it is O -regular at all x E X. 

Lemma 4.31 // {B, O) is admissible at x and X is O-regular at x, then X is regular and 
normal crossing with B at x. 

Proof The proof is identical with that of Lemma 3.28. □ 

Lemma 4.32 Let ti -.JX' = B£d{X) ^ X he as (4.8). // {B,0) admissible at x E X , 
then {B', O') and {B, O) are admissible at any x' E X' with x = t:{x'). 

Proof In the same way as in the proof of Lemma 4.22, this is reduced to the embedded 
case (Theorem 3.29). □ 

Later we shall need the following comparison for a closed immersion. 

Lemma 4.33 Let i : Y ^ X be a closed immersion of excellent schemes, let B be a 
boundary on X , and let By = i~^{B) be its pull-back to Y . 

(1) For a closed regular subscheme D G Y and x G D. D is transversal (resp. normal 
crossing) with B at x if and only if it is transversal (resp. normal crossing) with By- 

(2) Let O he a history function for B, and define the function 

Oy-.Y^ {submultisets of By} , Oy{x) = {{By I B E 0{x)}} . 

Then Oy is a history function for By. If x E Y and {By,Oy) is admissible at x, then 
{B,0) is admissible at x. (The converse does not always hold.) 

(3) Let D G Y be a regular closed subscheme which is permissible for Y and X . Then D 
is By -permissible if and only if it is B -permissible. Moreover, it is Oy -permissible if and 
only if it is O -permissible. 

(4) Let D G Y be By -permissible and Bx -permissible, let ny : Y' — Bi^iY) — > Y and 
TTy : Y' — Blu{y) Y be the respective blowups in D and i' : Y' ^ X' the closed 
immersion. Moreover let O a history function for B. Then we have the equality 



for the complete and strict transforms, respectively. 

The proofs arc along the same lines as for Lemma 4.21. For (2) note that T,ji.{Y) G Tx{X) 
and that for subspaces Ti G T2 G T^(X) one has N{x) iti Ti =^ N{x) iti T2. 

Remark 4.34 Since a regular subscheme of a regular scheme is always permissible. Lemma 
4-21 can be seen as a special case of Lemma 4-33. 



BI{x) ^{B E B\ Z G B for all Z E I{x)} 





((By)', (Oy)') = ((B')y', (O')y') and (By, Oy) = ((B) y, , (0)y,) 
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5 Main theorems and strategy for their proofs 



We will treat the following two situations in a parallel way: 

(E) {embedded case) X is an excellent scheme, i : X ^ Z is a. closed immersion into an 
excellent regular scheme Z, and B is a simple normal crossings boundary on Z (Definition 
3.3). 

(NE) {non-embedded case) X is an excellent scheme, and B is a boundary on X (Definition 
4.1). 

Definition 5.1 (1) A point x & X is called B-regular if X is regular at x (i.e. Ox,x 
is regular) and normal crossing with B at x (i.e., B{x) is normal crossing with X^ = 
S])ec{Ox,x) on X^, i.e., defines a normal crossing divisor on X^). Call X B-regular, if 
every x & X is B-regular, i.e., if X is regular and B is normal crossing with X . 
(2) Call X strongly B-regular if X is regular at x and for every B e B{x), B con- 
tains the (unique) irreducible component on which x lies. (This amounts to the equation 
B{x) = BI{x) where BI{x) is the (multi)set of inessential boundary components atx, see 
Definitions 3.26 (Case (E)) and 4.29 (Case (NE)).) 

Denote by (resp. X^j-^g, resp. -'^ssreg) the set of the regular (resp. B-regular, resp. 
strongly i3-regular) points of X. These are open subsets of X, and dense in X if X is 
reduced. Call Xgsing = X — Xsrcg the ;B-singular locus of X. 

We introduce the following definition for the case of non-reduced schemes. 

Definition 5.2 (1) Call x & X quasi-regular, if X red is regular at x and X is normally 
flat along Xred at x. Call X quasi-regular if it is quasi-regular at all x E X , i.e., if X^ed is 
regular and X is normally flat along X^ed- ( Compare Definition 2.1, hut we have reserved 
the name 'permissible' for subschemes not containing any irreducible component of X.) 

(2) Call X E X quasi-B -regular, if Xred is B-regular at x and X is normally flat along 
Xred o,t X. Call X quasi-B -regular, if X is quasi-B -regular at all x E X, i.e., if Xred 
is B-regular and X is normally flat along Xred- (Similar remark on comparison with 
B -permissibility.) 

(3) Call X E X strongly quasi-B -regular, if Xred is strongly B-regular at x and X is 
normally flat along Xred (^t x. 

Note that X is regular if and only if X is quasi-regular and reduced. Similarly, X is 
i3-regular if and only if X is quasi-i3-regular and reduced. Finally, x E X is strongly 
i3-regular if and only if x is strongly quasi-i3-regular and Ox.x is reduced. 

Denote by Xq^eg, -^Sqreg and X^sqicg the sets of quasi- regular, quasi-^B-regular and strongly 
quasi-jB-regular points of X, respectively. By Theorem 2.2 these are dense open subsets 
of X. Moreover, we have inclusions 

^qreg — ^ ^Bqreg — ^ ^Bsqreg — ^ ^qreg \ (^qreg H i3) 

u u u u 

Xreg ^ -'^Breg ^ -'^Ssreg ^ -'^reg \ (-'^reg ^ B) 

where the last inclusions of both rows are equalities if no S e B contains any irreducible 
component of X and the vertical inclusions are equalities if X is reduced. 
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Lemma 5.3 Let X be a connected excellent scheme. 

(a) For V e E^""^ one has X{v) fl Xq^cg 7^ if and only if X = X{i/). Thus Hx is not 
constant on X if and only if X{u) G X — Xq^cg for all v G S^"^. 

(h) Let {B,0) be an admissible boundary with history on X. For v G Xl^'™""^ one has 
X*^(z/) n X/3sqreg ^ if ^'^'^ ^m/y if X = X'~^{u). Thus Hx is not constant on X if and 
only if X'^iy) C X — X^^qceg for all v G Sy""" . 

Proof (a): Let x G X{y) n Xq^cg, let Z be an irreducible component of X containing 
a;, and let be the generic point of Z . Since Xq^cg is open and dense in X, and is quasi- 
regular, ri is contained in Xq^g and Hx is constant on Xqicg by Theorem 2.3. Therefore 
V — Hx{x) = Hx{r]), i.e., r] G X(z/). Since u G E^"^, X(z/) is closed, and we conclude 
that Z — {rj} C X{u). By Lemma 2.5 we conclude that X = X{u) — Z. This proves the 
first claim (the other direction is trivial). The second claim is an obvious consequence. 

(b) : For the non-trivial direction of the first claim let u = (z/, m), with u G and m > 0. 
Then u G E^"^ and X^{D) C X(i/). Consequently, ii X^(i))nXBsqreg + 0, then X = X{v) 
by (a), and X is irreducible. If 77 is the generic point of X, then we conclude as above 
that 77 G X*^(^'), and hence X = X'^(z?), since the latter set is closed. Again the second 
claim follows immediately. 

Now we study blow-ups. Lemma 3.2 implies: 

Lemma 5.4 If n : X' = Biu{X) X is the blow-up of X in a B-permissible subscheme 
D, and B' is the complete transform of B, then n'^iX^sj-eg) C X'^,^^^^ and 7r^"'^(X0sqreg) C 

VI 

B'sqrcg ■ 

We first consider the case (NE). 

Definition 5.5 (Case (NE)) A sequence of complete (resp. strict) B-permissible blowups 
over X is a diagram 

B= Bo Bi B2 Bn-l Bn 

(5.1) 

— J^Q < * y^-n-l -^n <— • • • 

where for any n > 0, Bn is a boundary on X^, and 

X„+i = B£D^(Xn) X„ 

is the blow-up in a Bn-permissible center Dn C X„, and Bn+i = B'^ is the complete 
transform of B^ (resp. Bn+i = Bn is the strict transform of Bn). 

Call a sequence as in (5.1) reduced if none of the morphisms iTn is an isomorphism. 
For a given sequence of B-permissible blowups, define the associated reduced sequence by 
suppressing all isomorphisms in the sequence and renumbering as in (5.1) again. 
We abbreviate (5.1) as {X,B) = {Xo,Bo) ^ (Xi,Si) ^ . . . , for short. 

We will prove Theorem 0.1 in the following, more general form. 
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Theorem 5.6 Let {X,B) be as in (NE), with X dimension at most two. 

(a) There is a canonical finite reduced sequence S{X,B) of complete B-permissihle blow- 
ups over X 

(X, B) = (Xo, Bo) ^ (Xi, ^ . . . ^ (X„, Br.) 

such that TTi+i is an isomorphism over {Xi)Bisqreg, < i < n, and Xn is quasi-B -regular. 
In particular, the morphism Xn X is an isomorphism over X^sqreg- 
Moreover the following functoriality holds: 

(Fl) (equivariance) The action of the automorphism group of (X, i3) extends to the se- 
quence in a unique way. 

(F2) (localization) The sequence is compatible with passing to open subschemes f/ C X, 
arbitrary localizations U of X and etale morphisms U ^ X in the following sense: 
If S{X,B) Xx U denotes the pullback of S{X,B) to U, then the associated reduced 
sequence {S{X,B) Xx U)red coincides with S{U,Bu). 

(b) There is also a canonical finite reduced sequence So{X,B) of strict B-permissihle 
blowups with the same properties (except that now each Bn+i is the strict transform of 

Bn). 

If X is reduced, then every Xj is reduced, so that X„ is regular and Bn is normal crossing 
with Xn] moreover X^sgreg = Xgsreg. In particular. Theorem 0.1 can be obtained as the 
case (b) for i3 = (where Xgsrcg = X^cg and i3n = for all n), i.e., as the sequence 
S'o(X, 0). If we apply (a) for reduced X and i3 = 0, we have X^srcg = -^rcg as well, 
but then, for the sequence S'(X, 0), Bn is not empty for n > 0, and we obtain the extra 
information that the collection of the strict transforms of all created exceptional divisors 
is a simple normal crossing divisor on Xn- 

Definition 5.7 Let C be a category of schemes which is closed under localization. Say 
that canonical, functorial resolution with boundaries holds for C, if the statements in 
Theorem 5.6 (a) hold for all schemes in C and all boundaries on them. Say that canonical, 
functorial resolution holds for C, if the statements of Theorem 0.1 (i.e., of Theorem 5.6 
(h) with B — 0) hold for all schemes in C. 

Now we will consider the case (E). 

Definition 5.8 (Case (E)) A sequence of complete (resp. strict) B-permissible blowups 
over (X, Z) is a sequence of blowups: 

B^ Bo Bi B2 

(5.2) z= Zo ^ ^ Z2 

u u u 

"V^ \r TTl ^ TV2 Y 

^ — ^0 ■* ^1 ■* ^2 — 



Bn- 


1 




Bn 




1 






U 






U 


Xn- 


-1 




Xn 



where for any i > 



U U 
Xi+i — BloiiXi) Xj 
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are the blow-ups in a center Di C Xj which is permissible and n.c. with Bi, and where 
Bi-^i = B'l is the complete transform of Bi (resp. Bi-^i = Bi is the strict transform of Bi). 
Call a sequence as in (5.2) reduced if none of the morphisms 7r„ is an isomorphism. 
For a given sequence of B-permissible blowups, define the associated reduced sequence by 
suppressing all isomorphisms in the sequence and renumbering as in (5.2) again. 
We abbreviate (5.2) as {X, Z, B) — {Xq, Zq, Bq) {Xi, Zi, Bi) for short. 

We will prove Theorem 0.3 in the following form. 

Theorem 5.9 Let {X,Z,B) be as in (E), with X of dimension at most two. 

(a) There is a canonical finite reduced sequence S{X,Z,B) of complete B-permissible 
blow-ups over X 

{X, Z, B) = (Xo, Zo, Bo) ^ (Xi, Zi, Bi) ^ . . . ^ (X„, Z„, Br,) 

such thatiTi+i is an isomorphism over {Z — X)U{Xi)Bisqreg, < i < n and Xn is quasi-Bn- 
regular. In particular, the morphism Z^^ Z is an isomorphism over {Z — X) UXgsqreg- 
Moreover the following functoriality holds: 

(Fl) (equivariance) The action of the automorphism group of {Z,X,B) (those automor- 
phisms of Z which respect B and X ) extends to the sequence in a unique way. 

(F2) (localization) The sequence is compatible with passing to open subschemes U C. Z, 
arbitrary localizations U of Z and Stale morphisms U ^ Z in the following sense: If 
S{X, Z,B) XzU denotes the pullback of S{X, Z, B) to U , then the associated reduced 
sequence {S{X, Z,B) Xz U)red coincides with S{X Xz U, U,Bu). 

(b) There is also a canonical finite reduced sequence Sq{X,Z,B) of strict B-permissible 
blowups over {X, Z) with the same properties ( except that now each Bn+i is the strict 
transform of Bn). 

Again, for reduced X all X^ are reduced, ^ssqreg — ^Bsieg, and Xn is regular and normal 
crossing with the simple normal crossings divisor Bn- 

Definition 5.10 Let C be a category of schemes which is closed under localization. Say 
that canonical, functorial embedded resolution with boundaries holds for C, if the state- 
ments in Theorem 5.9 (a) hold for all triples {X,Z,B) where Z is a regular excellent 
scheme, B is a simple normal crossing divisor on Z and X is a closed subscheme of X 
which is in C. 

Remark 5.11 It follows from Lemma 4-^1 that Theorem 5.6 implies Theorem 5.9, in 

the following way: If S{X,Bx) is constructed, one obtains S{X,Z,B) by consecutively 
blowing up Zi in the same center as Xi, and identifying Xj+i with the strict transform of 
Xi in Zi^i. Conversely, the restriction of S{X,Z,B) to X is S{X,Bx)- More generally, 
by the same approach, canonical, functorial embedded resolution with boundaries holds 
for a category C of schemes as in Definition 5.10 if canonical, functorial resolution with 
boundaries holds for C. 

We set up the strategy of proof for the above theorems in a more general setting. Let X 
be an excellent scheme. 
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Definition 5.12 Call an excellent scheme Y equisingular, if Hy is constant on Y. Call 
Y locally equisingular if all connected components are equisingular. 

As we will see below, our strategy will be to make X locally equisingular. 

Remark 5.13 (a) For U C X open and x e U one has Hu{x) = /j^(a;)(dim(c/)-dim(x))_ 
Hence Hjj{x) < Hx{x), and U is equisingular if and only if U C X(z/) for some v G Ex- 

(h) By Lemma 5.3 (a) there are two possibilities for a connected component U C X: 
Either U is equisingular (and irreducible), or Umax is nowhere dense in U . In the first 
case, it follows from Theorem 1.34 (1) Theorem 2.10 (1) that, for any permissible 
blow-up 71 : X' ^ X , 7r~^{U) is equisingular as well (viz., 7i~^{U) C X'lu) ifUc. Xli/)), 
because by definition, permissible centers are nowhere dense in X. 

(c) If X is reduced, then a connected component U G X is equisingular if and only if U 
is regular (cf. Remark 1.33). Hence X is locally equisingular iff it is equisingular iff it is 
regular. 

(d) By way of example, the following situation can occur for non-reduced schemes: X 
is the disjoint union of three irreducible components Ui, U2 and U2, where Tiu^ — {vi}, 

= {^ij ^2} o.nd E[/3 = such that vi < V2 < 1^3. By just blowing up in X^ax we 

cannot make X locally equisingular. 

Motivated by the remarks above, we define: 

Definition 5.14 Let X be connected and not equisingular. Forv G S^"^, a v -elimination 
for X is a morphism p : X' ^ X that is the composite of a sequence of morphisms: 

X — Xq <— Xi Xn — X' 

such that for < i < n, Hi : Xj+i X^ is a blowup in a permissible center C Xi^u) 
and Xniv) = 0. 

Let z/i, . . . , z/r be the elements of S^"^ and assume given a z/j-elimination pi : Xi ^ X 
of X for each i G {1, . . . , r}. Noting that pi is an isomorphism over X — and that 

X (ui) n X (uj) = if 1 <i^j < r, we can glue the pi over X - which is a composition of 
permissible blow-ups again - to get a morphism p : X' ^ X which is a E"^^-elimination 
where we define: 

Definition 5.15 Let X be connected and not equisingular. A morphism p : X' — > X is 
called a 12"^^ -elimination for X if the following conditions hold: 

(MEl) p is the composition of permissible blowups and an isomorphism over X — X^ax- 
(ME2) Ex' n E^"^ = 0. 

Note that, by Theorem 2.10 (1), (MEl) and (ME2) imply: 
(ME3) For each p G Ex' there exists a G E^"^ with p<v. 

Definition 5.16 For any excellent scheme X, a morphism p : X' ^ X is called a E™^- 
elimination, if it is a "E"^^ -elimination after restriction to each connected component which 
is not equisingular, and an isomorphism on the other connected components. 
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Theorem 5.17 Let X be an excellent scheme, and let X = Xq ^ Xi ^ ■ ■ ■ be a sequence 
of morphisms such that 7r„ : Xn+i — > Xn is a J]'^'^^- elimination for each n. Then there is 
an N such that X^ is locally equisingular. (So 7r„ is an isomorphism for n > N .) 

For the proof wc need some preparations. Let HF C be the set of all Hilbert functions 
of graded rings, and let HP be the set of all Hilbert polynomials. For v G HF, write Pu 
for the associated Hilbert polynomial. We recall that HP is totally ordered by 

Pi>P2 ^ Pi{n)>P2{n) for n»0, 

and that we trivially have 

(5.3) v>u' ^ Pu>Pu'- 

Let X be an excellent scheme. For x E X, let Px{x) be the Hilbert polynomial of Hx{x) 
and let 

E$--- = {i/GEx|P. = P^n and Xp.^„, = U X{u), 

where P™^ — max{Px{x) \ x G X}. Theorem 1.34 implies: 
Lemma 5.18 X p-max is closed in X. 

In fact, if z/ G S;^"™""^ and /x > z^, then /i G S;^"™""^ by (5.3), so that Xp-max is the union 
of the finitely many closed sets X{> u) for u G S;^"™'*'^. Theorem 2.10 (1) and (5.3) imply 

Lemma 5.19 Ifn-.X' — )• X is a permissible blow-up, then P™,^ < P^^. 

Proof of Theorem 5.17 Suppose there exists an infinite sequence X = <— . . . 

of E™^-eliminations such that no X^ is locally equisingular. For each n > let X^ C X^ 
be the union of those connected components of X„ which are not equisingular, and let 
Yn = {^n)p-max- Then C TT^YH^n)' Remark 5.13 (a) and Lemma 5.19 we 

have P^o^ < P^o^. By Theorem 1.17 we may assume that P^if^ = P™(f^ for all n > 0. 

By Theorem 2.10 this implies 7r„(F„+i) C F„, and we get an infinite sequence of proper 
morphisms Y — Yo ^ Yi ^ ■ ■ ■ . By Lemma 5.21 below one can choose a sequence of 
points x„ G for n = 0, 1, . . . such that Xn — 7r„(xn+i). By [H2] Theorem (l.B) and 
Theorem 2.10 (3) we may assume Hx„{xn) = -f^x„+i (a^n+i) for all n > 0, so that there 
exists a z/q G HF such that z/q G S^o for all n > 0. We claim that z/q G S^o^ for some n. 
Then (ME2) contradicts z/q G Hx"^^- Let = {z/ G T^^^ax \ v > z/q}. We want to show 
Sn = for some n. Let z/i, . . . , z/,. be the elements of 5*0 and put 

A — {/jl E HF \ < fji < Ui for some i G [1, r]}. 

Thus the claim follows from the following: 

Lemma 5.20 A is finite, Sn C A, and Sn H Sm = if n ^ m > 0. 

Proof The first claim follows from the assumption that P^- = P^ so that there exists 
A*" > such that i'o{n) = uiin) for all n > A^ and alH = 1, . . . , r. The second and third 
claim follow from (ME3) and (ME2), respectively. □ 
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Lemma 5.21 Let Zq ^ Zi <r-^ Z2 ■ ■ ■ he an infinite sequence of proper morphisms 
of non-empty noetherian schemes. Then there exists a sequence of points Xn & Zn (n — 
0, 1,2, . . such that Xn = ■nn{xn+i)- 

Proof For m > n > 0, let Tin.m '■ Zm — Zn be the composite of tTj for i = n, . . . , m — 1 and 
put Zn^m = T^n,m{Zm)- By the propemess, ^n,m is non-empty and closed in Z„. Clearly 
we have Z„ D Zn,n+i D ^n,n+2 D • • • and 

(5.4) Zn^i = nn,m{Zm,l) iOT I > TU > U. 

Put Zn^oo = n ^n,m- By the Noetherian condition, there exists N[n) > n such that 

Zn,oo = Zn,N{n) SO that Z^^^o 7^ 0- Then (5.4) implies Z„,oo = ^n,m{Zm,oo) for m > n. Thus 
we get an infinite sequence of proper surjective morphisms .^0,00 ^ -^1,00 -^2,00 
Now the desired claim follows by the axiom of choice. □ 

Corollary 5.22 To prove (canonical, functorial) resolution of singularities for all ex- 
cellent reduced schemes of dimension < d, it suffices to prove that for every connected 
non-regular excellent reduced scheme X of dimension < d there exists a ( canonical func- 
torial) Ti^^ -elimination X' ^ X. Equivalently, it suffices to show that for every such 
scheme and every v G S™"^, there is a (canonical functorial) v -elimination for X . Here 
functoriality means that the analogues of the properties (Fl) and (F2) in Theorem 5.6 
hold for the E™^- and v- eliminations, respectively, where the analogue of property (F2) 
for a v- elimination is the following: If ji :— ^/(dimx-dimc/) (flotation as in Remark 1.12 
(c)), then either U{fi) =0, or fi & E^"^ and the pullback of the sequence to U is the 
canonical /i- elimination on U, after passing to the associated reduced sequence. 

In fact, under these assumptions one gets a (canonical, functorial) sequence X <— Xi <— . . . 
of E™^-eliminations, and by Theorem 5.17 some X^ is locally equisingular, which means 
that Xn is regular (Remark 5.13 (c)). 

Now we consider the non-reduced case. 

Corollary 5.23 To prove (canonical, functorial) resolution of singularities for all excel- 
lent schemes of dimension < d, it suffices to prove that there exists a ( canonical, func- 
torial) Tj'^'^^- elimination X' ^ X for every connected excellent scheme X of dimension 
< d on which the Hilbert- Samuel function Hx is non-constant. Equivalently, it suffices 
to show that for every such scheme and every v G E^"^ . the^re is a (canonical, functorial) 
V -elimination for X . Here functoriality is defined as in Corollary 5.22. 

In fact, here we first get a (canonical, functorial) sequence X < — Xi < — . . . < — of E™^'^- 
eliminations such that Xm is locally equisingular. By Corollary 5.22 we get a similar 
sequence {Xm,)red ^ ^m+i ^ ■ ■ ■ ^ X'^ such that X'^ is regular. Blowing up in the same 
centers we get a sequence of blow-ups X^ <— X^^^i X^, where X'^ is identified 

with {Xi)red, and Xl_^_^ with the strict transform of X'- in Xj+i. For each i > m, X^ 
is again equisingular (see remark 5.13), and by Theorem 2.3 the blow -up Xi^i — ^ Xi is 
permissible. It follows that {Xn)red is regular and X„ is normally flat along {Xn)red- Now 
assume that the first sequence and the sequence {Xm)red ^ ■ ■ ■ are functorial. Then it 
is immediate that the sequence X <— . . . <— X^ is functorial for localizations as well. As 
for automorphisms, it follows inductively via localization that the automorphisms of Xj, 
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{i > m) respect the center of the blow-up X^j^i — > and therefore extend to X^j^i in a 
unique way. 

We now consider a variant of the above for schemes with boundary. Let X be an excellent 
scheme, and let i3 be a boundary for X, i.e., a boundary on X (case (NE)) or on Z 
(case (E)). In the following we only consider complete transforms for the boundaries, i.e., 
sequences of complete i3-permissible blow-ups, and we will simply speak of sequences of 
;B-permissible blow-ups. It is easy to see that the analogous results also hold for the case 
of strict transforms, i.e., sequences of strict B-permissible blow-ups. 

Definition 5.24 CallX 0-equisingular if is constant on X, and locally 0-equisingular, 
if every connected component is 0-equisingular. 

Remark 5.25 (a) It follows from Lemma 5.3 (h) that a connected component U C X is 
either 0-equisingular, or V^^^ is nowhere dense in U . In the first case U C X^(y) for 
some V G S^, and for every B-permissible blow-up n : X' ^ X one has 7r^^(f/) C X'(y). 

(b) If X is reduced, then X is locally 0-equisingular if and only if X is O -regular. 

(c) Even for a regular scheme X it can obviously happen that X is the union of three irre- 
ducible components Ui, U2 and U3 such that = {Wx^ 1 1)}; ~ ii^x^^ -'-)' i^x^^ 2)} 
and = {Wx^ i 3)}; so that X cannot be made O-equisingular by blowing up in X^^^. 

Definition 5.26 Let O be a history function for B such that {B,0) is admissible, and let 

(5.5) X — Xq ^ Xn-i ^ Xn 

be a sequence of B-permissible blow-ups (where we have not written the boundaries Bi, 
and neither the regular schemes Zi in case (E)). For each i = 0, . . . , n — 1 let {Bi^i, Oj+i) 
be the complete transform of {Bi,Oi) (where {Bo,Oq) — {B,0)). Let Di be the center of 

the blow-up Xi Xi+i, and p = 7r„ o . . . o ttq : Xn — > X . 

(1) If X is connected and not O-equisingular, and v G s^'™"^, then (5.5) or p is called a 
v -elimination, if Di C Xi{u) for i = 1, . . . ,n — 1 and X„(z/) = 0. 

(2) If X is connected and not O-equisingular, then (5.5) or p is called a T,*-^'"""-^ -elimination 
for {X, B, O), if A C (X,)^,, fori^O,...,n-l andE^^n Sj"^"^ = 0. 

(3) If X is arbitrary, then (5.5) or p is called a 'E^''^'^^- elimination for {X,B,0), if it 

is a Tj'-^'"^"'^ -elimination after restriction to each connected component of X which is not 
O-equisingular, and an isomorphism after restriction to the other connected components. 

(4) Call the sequence (5.5) reduced, if none of the morphisms is an isomorphism, and in 
general define the associated reduced sequence by omitting the isomorphisms and renum- 
bering (so the final index n may decrease). 

By glueing, one gets a (canonical, functorial) S*^ ''""^-elimination for a connected, not O- 
equisingular X, if one has canonical, functorial i/-eliminations for all G 5]^'™"^, and a 
(canonical, functorial) E'^'"*"^-elimination for a non-connected X, if one has this for all 
connected components. Here functoriahty is defined as in Corollary 5.22. Moreover, in a 
similar way as above one proves: 

Theorem 5.27 For any infinite sequence X — Xq Xi <^ X2 <— ■ ■ ■ of E^'"*"^- 
eliminations there is an n such that {Xn,Bn,On) is O-equisingular. 
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The following result is now obtained both in the embedded and the non-embedded case. 

Corollciry 5.28 Case (NE): To show (canonical, functorial) resolution of singularities 
with boundaries for all reduced excellent schemes of dimension < d it suffices to show the 
existence of (canonical, functorial) T,'-^''^"'^ -eliminations for all connected reduced excellent 
schemes X of dimension < d and all admissible boundaries with history (B, O) for X , 
for which X is not O -regular. (Here ' functorial' in the last statement means that the 
obvious analogues of the conditions (Fl) and (F2) in Theorem 5. 6 hold for the sequences 
considered here.) 

Case (E): The obvious analogous statement holds. 

In fact, if {X,B) is given, we start with the history function 0{x) = B{x). Then X 
is O-regular if and only if X is strongly B-regular at all x e X. If this holds, we are 
done. If not, then by assumption there is a (canonical, functorial) E"^'™''^^-elimination 
Xi X, and we let (i3i,0i) be the strict transform of {B,0) in X-y (which is obtained 
by successive transforms for the sequence of i3-permissible blowups whose composition is 
Xi^ X). Then (i3i, Oi) is admissible by Lemma 4.32. If Xi is Oi-regular, we are done 
by Lemma 3.28. If not we repeat the process, this time with {Xi,Bi,Oi), and iterate if 
necessary. By Theorem 5.27, after finitely many steps this process obtains an X„ which is 
0„-regular and hence achieves the resolution of X by Lemma 3.28 (case (E)) and Lemma 
4.31 (case (NE)). 

In the non-reduced case we obtain: 

Corollary 5.29 Case (NE): To show (canonical, functorial) resolution of singularities 
with boundaries for all excellent schemes of dimension < d it suffices to show the existence 
of (canonical, functorial) TP '"^"-^ -eliminations for all connected excellent schemes X of 
dimension < d and all admissible boundaries with history {B, O) for X , for which is 
not constant. (Here 'functorial' in the last statement means that the obvious analogues of 
the conditions (Fl) and (F2) in Theorem 5.6 hold for the sequences considered here.) 
Case (E): The obvious analogous statement holds. 

This follows from Corollary 5.28 in a similar way as Corollary 5.23 follows from 5.22: First 
we get a (canonical, functorial) sequence of S-permissible blow-ups X < — Xi < — . . . < — X.i-n 
such that Hx^ is constant on each connected component of X,„,. Then we look at the 
(canonical, functorial) resolution sequence {Xm)red ^ ^m+i ^ • • • ^ from Corollary 
5.28 such that X'^ is S^-regular, where B'^ comes from B via complete transforms. By 
blowing up in the same centers we obtain a sequence of ;B-permissible blow-ups X^ <— 
Xm+i <— . . . ^ Xn such that {Xn)red identifies with X'^ and thus is B^-regular; moreover, 
Xn is normally flat along {Xn)red, because Hx^ is constant on all connected components. 

We now prove Theorem 5.6. Then, by Remark 5.11, Theorem 5.9 follows as well. 

By Corollary 5.29, it suffices to produce canonical, functorial E*^ ''""^-eliminations for all 
connected excellent schemes X of dimension at most two and all admissible boundaries 
with history (B, O) on X such that Hx is not constant on X. 

By the remarks after Definition 5.26 it suffices to produce canonical functorial //-eliminations 
for aU u e E^''""^ These are in turn obtained by the following, slightly more general 
result. 
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Theorem 5.30 (Case (NE)) Let X he an excellent connected scheme, let {B,0) be an 
admissible boundary with history on X such that Hx is not constant on X, and let v e 
YO,max ^ ^ggn^Q flig following : 

(1) char(«;(x)) = 0, or char > dim(X) for any x e Xi^u), 

(2) d\m{X{y)) < 1, 

and there is an integer e with < e < 2 such that for any closed point x e X{i)), 
(3e) e,{X) < e, 

(4e) either N{x) &\ Dir^(X) or e^(X) < e - 1. 

Then there exists a canonical reduced u- elimination S{X, u) 

(X, B) = (Xo, Bo) ^ (Xi, Bi) ^ . . . ^ 

for X. It satisfies the analogues of properties (Fl) and (F2) from Theorem 5.6, where the 
analogue of (F2) is the following: If y = {i',m) and fi := j/(dim^-dim;7) (notation as in 
Remark 1.12 (c)), then either Uiv) — orji— {/j,, m) e Y^o,max reduced sequence 

associated to the pullback of the sequence to U is the canonical Ji- elimination for U. 

In fact, if X is of dimension d < 2, then condition (1) holds, and condition (3e) holds 
with e — d. If moreover X is connected and is not constant on X, then condition (2) 
holds by Lemma 5.3. On the other hand, in the presence of condition (1) it suffices to 
consider admissible boundaries with history {B, O) which satisfy condition (4e). In fact, 
in the procedure outlined in the proof of Corollary 5.29, property (4e) is trivially fulfilled 
in the beginning where 0{x) = B{x), i.e., N{x) = 0, and by Corollary 4.27 it is fulfilled 
for X' as well, if X' —> X is a blowup in a permissible center D C X^^^. 

Proof of Theorem 5.30 We will first study what happens if we blow up a point or a 

regular irreducible curve of X. 

Step 1 Let a; be a closed point in X{u) and consider n : X' := Btj;{X) X. Note 
that a; X is B-permissible for trivial reasons. By Theorem 2.10 and Corollary 4.27, 
conditions (3e) and (4e) are satisfied for X' and the complete transform B' of B. By 
Theorem 4.19 we have 

(5.6) D := X\V) n 7,-\x) C P(Dir^(X)) P*,(,), 

where t = e°{X) - 1 < e^{X) - l<e-l<l(by convention P*^(^) = if i < 0). Hence 
condition (2) is also satisfied for X' . Moreover, if (lim.{D) > 1, then D = P(Dir^(X)), so 
that D is O'-permissible, and condition (3e) implies e = 2 and N{x) iti Dir^(X), so that 
D is n.c. with N' by Lemma 4.24. Hence D is a union of closed points or a projective 
line over k{x), and in both cases it is B'-permissible. 

Step 2 Now let D C X^iy) be regular irreducible of dimension 1 and n.c. with B. By 
Theorem 4.12, D C X is B-permissible. Let rj be the generic point of D. Consider 
TT : X' := B£d{X) X. By Theorem 2.10 and CoroUary 4.27, conditions (3e) and (4e) 
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are satisfied for X' and the complete transform B' of B. Let x & D he a, closed point. By 
Theorem 4.19, we have 

X'(u) n n-\x) C ¥(Dir^(X)/n(D)) ^ P:(,), 

where s = e'^{X) — 2 < e3.(X) — 2<e — 2<0by (3e) for X. Hence there is at most one 
point in X'iu) n7r'^(a;) so that dim(X'(z/) n7r~^(i5)) < 1 and condition (2) is satisfied 
for X'. Similarly we have 



where r = eJ(X)-l < e^(X)-l < e^{X)-2 < by Theorem 2.6. Hence, ii X'{u)nn-\rj) 
is not empty, then it consists of a unique point 7]', and one has K,{ri) ~ This implies 

that 71 induces an isomorphism D' ^ D where D' = X'{y) fl 7r~^(D). Thus D' is regular, 
and O'-permissible by Theorem 4.12. Moreover, ex{X) = 2 in this case so that condition 
(3e) for X implies e — 2 and N{x) iti Dira;(X). By Lemma 4.25, D' is n.c. with N', hence 
with B'. Hence D' is a collection of closed points or a regular irreducible curve, and in 
both cases it is ^'-permissible. 

Step 3 Consider the special case where dim(X) = 1. Here dimX(z/) = 0, so every 
point X e X{u) is isolated in X(u), and moreover we have ej;{X) < dim(X) = 1. The 
canonical z/-elimination sequence consists of blowing up all points in X{u) and repeating 
this process as long as X{u) ^ 0. By Theorem 5.34 below this process stops after finitely 
many steps. So Theorem 5.30 holds. As noticed above, this shows that there exists 
a canonical, functorial resolution sequence for (X, i.e., that Theorem 5.6 holds for 
dim(X) = 1. 

Step 4 Now we consider the general case and construct a canonical reduced sequence 
S{X, V) 



(5.7) X — Xq X\ Xn-i ^ Xn ■ ■ ■ 



of B-permissible blowups over X as follows. Let Yq — Xo(z/). If Xn has been constructed, 
then let Yn = X„(z/). Give labels to the irreducible components of Yn in an inductive way 
as follows. The irreducible components of Yq all have label 0. If an irreducible component 
of Yn dominates an irreducible component of it inherits its label. Otherwise it gets 
the label n. Then we can write 

Yn = U Fji) U . . . U Fi«-i) U Fi") , 

where Yn'' is the union of irreducible components of Yn with label i. 

Step 5 By assumption, dim(y'o) < 1- Let By^ — B Xx Yq be the pull-back, and let 

be the canonical resolution sequence of Theorem 5.6 for (Yo,BYa) (which exists and is 
finite by Step 3), so that Yo.m is regular and normal crossing with Bo,m, where we write 
Bo^i for the boundary obtained on Yq^i. Let 



-y V V V V 

A — Ao < Ai <— . . . y^rn-l ^ 



m 
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be the sequence of ^-permissible blowups obtained inductively by blowing up Xj in the 
center Di of the blowup Yo/i+i ^o,i- This is a collection of closed points and hence 
Bj-permissible, where we write Bi for the boundary obtained on Xi. Moreover, io,j+i is 
identified with the strict transform of Yq^ in X^^i. By Lemma 4.33 (4) we have Ba^i — 
{BijYoi- Since each is a nowhere dense subscheme of Yq,!, each Y^ j is contained in 

Xjiy) — Yj^ and is in fact equal to the label part Y^^"^ of Yj as defined above. This is 
the first stage of (5.7) 

Claim 1 For m as above, and all i > 0, the subschemes Ym are regular, of dimension at 
most 1, and B^-permissible. 

In fact, for Y^^ this holds by construction. Moreover, from the statements in Step 1 we 
conclude that, for < i < m, all schemes Y^^"* are disjoint unions of closed points and 
projective lines and hence regular, moreover they are i3j-permissible. Let [Y^]o be the union 
of the 0-dimensional components of Yj. Since Xj+i Xj is a blowup in closed points 
not contained in [l^]o, the morphism Yj^^ — > y/'^ is an isomorphism for j = i, . . . ,m, and 
hence l^*^*"* is normal crossing with Bj (direct check, or application of Lemma 3.2). Since 
Y"-^'^ is regular and contained in Xj(z/), we conclude it is Bj-permissible. 



Step 6 Next we blow up the subscheme Ym \ which is regular and yB^-permissible, and 

obtain X^+i- 

Claim 2 For all i > 0, the subschemes ^^+1 regular, of dimension at most 1, and 
i3„j+i-permissible. Moreover, the intersection of i^+t^'* with Y^}^^ is empty for all i e 
{0,...,m}. 

The first part follows by similar arguments as above. In fact, for Y^^^^ the arguments 
are exactly the same as above. For with i > we have to be careful, since Y^^^^ 

consists of irreducible components of the strict transform of Ym\ i.e., the blowup of 
Ym^ in Ym^ Ym \ which is a zero-dimensional scheme with a possibly non-reduced 
structure. But since Ym^ is regular of dimension at most 1 and Ym^ fl [ym^]o = for i > 0, 
l^'^i — > Ym^ is an isomorphism . As for the second part, Y^+t^^ consists of finitely many 
closed points which, by definition, are not contained in the other sets. 

Step 7 Next we blow up Xj^+i in Y^+i if this is non-empty, and in l^+i, otherwise, and 
obtain Xjn^2- We proceed in this way for n > m, blowing up X„ in yP"* where j > 
is the smallest number with Yn^ ^ 0, to obtain X^+i- This is well-defined, because we 

always have: 

Claim 3 For all n > m and i > 0, the subschemes Yn"* are regular, of dimension at most 
1, and i3„-permissible. For i > m + 1, the intersection of Yn^'' with yi"'^ is empty for j ^ i. 

The first part follows as for n = m + 1. For i = n the second part follows as in claim 2. For 
m + 1 < i < n, we may assume by induction that Y^^}-^ fl yj{.\ = for all j = 0, . . . , n — 1 
with j 7^ i. By definition, for all j = 0, . . . , n — 1, 7r{Yn^) C Y^-'\ where tt : X„ — >• X^-i- 
This implies Y^^ n Y^^^ = for alH e {m -M, . . . , n - 1} and all j = 0, . . . , n - 1 with 
j ^ i, which proves the desired assertion. 

Step 8 Thus we have defined the wanted canonical sequence 5'(X, z/), which is reduced 
by construction. Now we show the finiteness of this sequence. We have 
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Lemma 5.31 Let X = Xq be a scheme satisfying the assumptions of Theorem 5.30. Let 
C = Co be an irreducible regular curve in X{u). Let tti : Xi = B£c{Xq) Xq, and let 
Ci = Xi(u) n7r(7^(Co). By Step 2, dimCi < 1 and z/dimCi = \, then C\ is regular, 
Ci C Xi is B-permissible and Ci ~ Cq. In this case we put X2 — Bic^^^Xi). Repeat this 
procedure to get a sequence 



m ■ 



A — Aq < Ai < A2 A^_i < Aj 

(5.8) U U U U 

O — Oo Oi <— O2 <— ^m-l *~ '-^i 



SMc/i ^/iai TTi : Xi = and d = Xi{iy) D vr- \Ci-i). 

Then the process stops after finitely many steps, i.e., there is an m > with Cq ^ Ci *^ 
. . . <^ Cm and dim(Cm+i) < 0. 

Proof Let rj be the generic point of C. As remarked in Step 2, we have e^(X) < 1. 
If e^(X) = 0, then Ci = so that r = 1. If e^(X) = 1, we get a longer sequence, 
which however must be finite by Theorem 5.34 below, applied to the localization X^ = 
Spec(Cx,r;) of X at 77, and the point 77 in it, for which (X^j)'^^ — {rj}. Note that 
eO(X^) = eJ(X) by definition. 

By this result, there is an X > such that Y^'^ n yJi^^ = for all i,j e {0,..., m} with 
i ^ j, for all n > N, because [Ym]o fl Ym^ — for all i ^ j, where [Ym]o is the set of 
zero-dimensional components in Yn \ Note that all schemes X„ satisfy the conditions in 
Theorem 5.30. Therefore we have shown: 

Claim 4 There is an X > such that y„ = X„(i/) is regular for all n> N. 

It is clear that the resolution sequence at each step X„ has the following property, because 
the centers of the blowups always lie in the subscheme Y^: Let y„ 1, . . . , Y^^s be the 
connected components of Y^, and for each i G {l,...,s}, let V^^j C X„ be an open 
subscheme containing F„ j but not meeting Ynj for j ^ i. Then the resolution sequence for 
X is obtained by glueing the resolution sequences for the subsets Vn,i. To show finiteness of 
the resolution sequence we may thus assume that Yn is regular and irreducible. Applying 
Lemma 5.31 again, we may assume that Y^ is a collection of finitely many closed points 
which are isolated in their 0-Hilbert-Samuel stratum. Moreover, it is clear that in this 
case the remaining part of the resolution sequence X„ <— X^+i <— . . . is just the canonical 
resolution sequence S{Xn,'iP) for X„. 

Step 9 Thus we have reduced to the case of an isolated point x e in fact, we 

may assume that X{iy) just consists of x. The first step of the canonical sequence then 
is to form the blowup Xi = Bi.^{X) X. If e^(X) = 0, then Xi{u) = and we 
are done. If e^(X) = 1, then Xi{u) is empty or consists of a unique point Xi lying 
above x. In the latter case we have k{xi) = k{x), and therefore ex^{Xi) < ex{X) by 
Theorem 2.10 (4). If e^^lXi) = 1, then e^^(Xi) < e^^lXi) < 1. Otherwise we must have 
e^i(Xi) = e^(X) = 2 by assumption (3e). Then e^^(Xi) < e^(X) = 1 by Theorem 4.26 
(1). Thus we obtain a sequence of blow-ups X = Xq ^ Xi ^ . . . in points Xi e Xj(z/) 
such that either ex„{Xn) = for some n so that X„_|_i(z/) = and the sequence stops, 
or we have a sequence where ea;.(Xj) = 1 for all i. But this sequence must be finite by 
Theorem 5.34 below. It remains the case where e^(X) = e^iX) — ex{X) = 2. This 
follows from Theorem 5.38 below. 
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Step 10 Finally we show the functoriality, i.e., the properties (Fl) and (F2) in Theorem 
5.6. Property (Fl) follows, because all automorphisms of {X,B) respect Y = Yq, hence 
the center Dq of the first blowup, and therefore uniquely extend to the blowup {Xi, Bi) of 
{Xq,Bo) in Dq. Inductively, they extend to all X„ and respect F„ and its decomposition 
into the union of the Y^^\ Analogous statements hold for open immersions U C X or 
localizations or etale morphisms, up to replacing u by the maximal element Ji for U 
indicated in Theorem 5.30. □ 

We now prove the two results used in the proof above. Let X be an excellent scheme, 
and let (S, O) be a boundary with history on X. Let x E X and assume that 

(Fl) char(/s:(a;)) = or char(fi;(a;)) > dim(X). 

(F2) N{x) d] Dir^(X). 

(F3) eO{X)<lore,iX)^e,{X). 

Consider 

TTi : TT : = Be,{X) ^ X, 

Ci := P(Dir^(X)) C P(Dir,(X)) C X,. 

Let r]i be the generic point of C. We note Ci ~ ^k~^, where t = e^(X). By Theorem 
4.19, any point of Xi which is O-near to x, lies in C. 

Lemma 5.32 (1) If rji is O-near to x, then so is any point of Ci. 

(2) If 7)1 is very O-near to x, then so is any point of Ci. 

Proof Take any point y E Ci. By Theorems 4.10 and 4.17, we have 

H^,{Vi)<H^'{y)<H^{x). 

(1) follows from this. By Theorems 2.6 and 2.10, we have 

e^i(^') < ey{X') - dim(C>Ci,2/) < e^{X) - 5y/^ - dim(C>Ci,2/) = e^{X) - 6^,^/^, 

where we used (F3) for the second inequality. In fact, if e^{X) < 1 then k{y) — k{x), so 
in both cases of {F3) we can apply 2.10 (4). Hence the assumption of (2) implies that y 
is very near to x. Then, by Theorems 4.22 and 4.17, we get 

e^^{X') < e^{X') - dun{Oc„y) < e^{X) - 5y/, - dim{Oc„y) = e^{X) - 5,,/,, 

which implies the conclusion of (2). □ 

We now assume that t > 1 and r)i is very O-near to x. This implies 
(5.9) e^^{X,) = e^{X)-dim{C,) = l. 

By (-F2), Lemma 4.24 and Remark 4.14, Ci is ^^-permissible with respect to the complete 
transform {Bi,Oi) of {B,0) for Xi. Consider the blow-up 

7r2:X2^Bec,{X,)^X^ 
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and the complete transform {B2, O2) of i^i- Oi) for X2. By (5.9) and Theorem 4.19, there 
is a unique point r/2 G X2 which is 0-ncar to rji. Let C2 be the closure of 772 in X2. 
Note K{r]i) = K{rj2) and C2 — Ci, and that C2 is 02-pcrmissible. By Lemma 5.32 and 
Theorem 4.26, (F2) implies N{y) rh T>vi:y{Xi) for any point y G Ci. By Lemma 4.25, C2 
is n.c. with NB2{y') — B2{y') — 02{y') at the unique point y' e C2 above y, so that C2 is 
;B2-permissible. If 772 is very O-near to rji, we consider 

7r3:X3 = 5£c.(^2)^^2 

and define 773, C3 and (^3, O3) in the same way as before. This construction (which 
occurred in the proof of Theorem 5.30 for t = 1,2) leads us to the following: 

Definition 5.33 Assume e^{X) > 1 and letm be a non-negative integer or 00. The fun- 
damental sequence of B -permissible blowups over x of length m is the canonical (possibly 
infinite) sequence of permissible blowups: 

(5.10) X^ Xo ^ Xi ^ X2 ^...^ Xn-i ^ Xr, 

u u 

Cn-l <— Cn ^ . . . 

which satisfies the following conditions: 
(i) = S4(X) and 

{a) For 1 < q <m -1, Xq+i = B£cg{Xq) and TTg+i : Cq+i ^ Cq. 

{Hi) For 1 < q < m, let rjq be the generic point of Cq and put rjo — x. For 1 < q < m — 1, 
r)q is very O-near to rjq^i. This implies e^^{Xq) — 1 for 1 < q < m — 1. 

{iv) If m < 00, rim is not very O-near to 77^-1 • If m = 00 the sequence is infinite. 





Bo 




B2 


X = 




^ Xi 


< — A2 




T 


u 


u 




X 




^ C2 



Here H^^ are considered for the successive complete transforms {Bq, Oq) of {B, O) for Xq. 
We note that for q = 1, . . . ,m, we have 

= {e e 0~'(^)l H^M) = ^x(^)} ^^th ct>q:Xq^X 

The proof of the following theorem will be given in §9. 

Theorem 5.34 Assume that there is no regular closed subscheme 

DC{^e Spec(Ox,.) I H^i^) > H^(x)} 

of dimension e^(X). Then, for the sequence (5.10), we have m < 00, i.e., it stops in 
finitely many steps. 
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Remcirk 5.35 (a) We note that the assumption of the theorem holds in particular, if 



(5.11) dim {{i e Spec(0x,.) I ^^^(0 > < 

(h) Thus a special case of Theorem 5.34 '^^ when x is isolated in the 0-Hilbert- Samuel 
locus of X and e^{X) = 1. Here the fundamental sequence (5.10) consists of a sequence 
of blowups in closed points and coincides with the canonical sequence constructed in the 
proof of Theorem 5.30. We obtain its finiteness as needed in that proof. 



Now we consider the fundamental sequence of i3-permissible blowups over x as in Defi- 
nition 5.33 for the second case needed in the proof of Theorem 5.30, namely where x is 
isolated in X{u) and 

e^{X)^e,{X)^e,{X)^2. 

Again by Theorem 5.34 we deduce that the fundamental sequence (5.10) is finite, i.e., 
there exists an m < oo such that r]m is not very O-near to r)m-i- This situation is divided 
in two cases. 

Case 1: r]m is not 0-ncar to r^m-i- 

In this case there are only finitely many closed points y on Cm such that H'^^^y) = Hx{x). 
Choose such a point y. Theorems 2.10 and 4.17 imply that one of the following conditions 
holds: 

• e^{Xm) = ey{Xm) = ey{Xm) = 2, 

• e^{Xm) < 1 and e^(X„) < ey{Xj < 2. 

By Remark 5.35 (b), it suffices to consider the former case for the proof of Theorem 5.30. 

Case 2: rjm is O-near to rjm-i- 
In this case we consider 

Xm+l — Blcm {Xm) Xm 

By definition r]m is not very O-near, which means that e^^{Xm) = so that there is no 
point of 7r~^]^(?7m) which is 0-near to r/m- Hence there are only finitely many closed points 
y E 7r~^;^(Cm) n Xjn+i such that H^^^_^{y) = H^{x). Choose such a point y. For the 
same reason as in Case 1, wc may assume (X^+i) = ey{Xm+i) = ey^X^+i) = 2. 

The above consideration leads us to the following definition (in Case 2, we shift the index 
m by —1): 

Definition 5.36 A sequence of B -permissible blowups: 

B= Bo B, B2 Bm-l Bm 



-y' V" V V V V 

— ^0 ■* ^1 ■* ^2 

u t 

- . . . < Cyji—I ^ ^^m 

is called a fundamental unit of B -permissible blowups of length m and denoted by {X,B) 
if the following conditions are satisfied: 



V ■""1 
Ao < 


Xi 


7r2 

< A2 


T 


u 


u 


X <— 




^ C2 
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(i) X is a closed point of X such that e^{X) — ex{X) — ex{X) — 2. 
{a) = S4(X) and 

Ci=P(Dir^(X))-P^(,). 
{Hi) For l<q<m-l, X^+i = Bic^{Xq) and TTg+i : C^+i ^ Cq. 

{Hi) For 1 < q < m — 1, let rj^ be the generic point of Cg and put tjq = x. For 1 < 
q < m — 2, Tjq is very 0-near to rjg^i. This implies e^^{Xg) — e^^(Xg) — 1 for 
1 < q < m — 2. 

{iv) r]m-i is O-near to r)m-2 and there exists no point in Xm which is 0-near to rjm-i- 
{v) Xm is a closed point of X^ such that 

H^JxJ = HO{x) and e^^(X^) = e,^(X^) = e,^(X^) = 2. 

Here H^^ is considered for the successive complete transform {Bg, Og) of {B, O) for Xg. 
We note that for q = 1, . . . ,m — 1, we have 

= {e e H^iO = HO{x)} with ct>g:Xg^X 

By convention, a fundamental unit of B-permissible blowups of length 1 is a sequence of 
B-permissible blowups such as 

B ^ Bo Bi 

X ^ Xo ^ x, ^ Be,{x) 
T t T 

X — Xq ^ Xi 

where x E X is as in {i) and Xi is as in {iv) with m — 1. We call {x,X,B) (resp. 
{xm, Xm, Bm)) the initial (resp. terminal) part of {X,B). 

We remark that, in this definition, we have not assumed that x (resp. Xm) is isolated in 
XO^, (resp. {XO)^^). 

Definition 5.37 A chain of fundamental units of B-permissible blowups is a sequence of 
B-permissible blowups: 

A*! <— <— A'a ^ . . . 

where Xi = {Xi, Bi) is a fundamental unit of B-permissible blowups such that the terminal 
part of Xi coincides with initial part of Afj+i for Vi > 1. 

The finiteness of the canonical zz-elimination S{X,u) for the case where X{u) — {x} 
and e^(X) = ex{X) = ea:(X) = 2, as needed in the proof of Theorem 5.30, is now a 
consequence of the following result whose proof will be given in §12 and §13. 

Theorem 5.38 Let Xi ^ X2 ^ X^ ^ . . . be a chain of fundamental units of B- 
permissible blowups. Let {x^^\ X^'''\ B^'''^) be the initial part of {Xi) for i > 0. Assume 
that, for each i, there is no regular closed subscheme C C (X*^*))^^ of dimension 1 with 
x^'^ e D (which holds if x^'^^ is isolated in {X'^'^)'^^) . Then the chain must stop after 
finitely many steps. 
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In fact, to show the finiteness of S{X, u) in the considered case, we have to show that 
there is no infinite sequence of closed points Xn G X„(z/) such that Xo = x and Xn+i hes 
above Xn- This can only happen if e^^(X„) = 2(= ex^{Xn) = ex^{Xn)) for all n, and by 
construction, the canonical sequence S{X,u) would then give rise to an infinite chain of 
fundamental units. 

Wc remark that the claims on the fundamental sequences, fundamental units and chains of 
fundamental units depend only on the localization X^ = Spec{Ox,x) of X at x. Moreover, 
by the results in Lemma 1.29 and Lemma 1.37 we may assume that X — Spec(O) for a 
complete local ring. Thus we assume that there is an embedding X ^ Z into a regular 
excellent scheme Z, and moreover, by Lemma 4.21, that there is a strict normal crossings 
boundary Bz on Z whose pull-back to X is B. Thus wc may consider an embedded 
version of the constructions above, where each blowup = Bic„{Xn) —>■ Xn (where 

Co — {x}) can be embedded into a diagram 

u u 

In the proofs of Theorems 5.34 and 5.38, this situation will be assumed. 
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6 (?/)-standard bases 



Let i? be a regular noetherian local ring with maximal ideal m and residue field k — R/m, 
and let J C m be an ideal. It turns out that the directrix Dir(i?/J) is an important 
invariant of the singularity of X = Spec{R/ J), and that it is useful to consider a system 
{yi, . . . ,yr,Ui, . . . , Ue) of regular parameters for R such that: 

(6.1) mu{R/J) = (Fi, . . . , Yr) C gr„(i?), where := m„,(y,) e grl,{R). 

Then (f/i, . . . , Ue) with Uj := irimiuj) form coordinates of the affine space Dir(i?/ J) = A^. 
Consequently, it will be useful to distinguish the Y- and [/-coordinates in gr^(it!) = 
k[Y,U]. This observation leads us to the following: 

Definition 6.1 (1) A system {y, u) = {yi, . . . ,yr,ui, . . . , Ug) of regular parameters for 
R is called strictly admissible for J if it satisfies the above condition (6.1). 

(2) A sequence u = {ui. .... i/g) of elements in m R is called admissible (for J), if it 

can be extended to a strictly admissible system {y, u) for J. 

(3) Let {y,u) be strictly admissible for J. A system of elements f = (/i, . . . , /^) C J 
is called admissible for {y, u) if in-^{fi) e k\Y] for all i = 1, . . . ,m. 

Let Ti, . . . , Te be a tuple of new variables over k. Note that (u) — {ui, . . . , Ue) is admissible 
if and only if we have an isomorphism of /c-algebras 

k[Ti, . . . , Te] ^ gr„(i?)/JDir(i?/ J) ; ^ iumiui) mod IDir{R/J). 

The map induces the following isomorphism which we will use later. 

(6.2) : P(Dir(i?/ J)) ^ Proj(A;[ri, . . . , T^]) = Fl'' 

The admissibility will play an essential role in the next section. For the moment we shall 
work in the following general setup: 

Setup A: Let J C m C /? be as above. Let (u) = {ui, . . . , Ue) be a system of elements 
in m such that {u) can be extended to a system of regular parameters (y, u) for some 
y — {yi, . . . ,yr). In what follows we fix u and work with various choices of y as above. 
Such a choice induces an identification 

gr^{R) = k[Y, U] = k[Yi . . . ,Yr,Ui, . . . ,Ue]. {Y^ = inm{yi), Uj = inm{uj)). 

Let R — R/{u) and m = m/(ii) where {u) — {ui, . . . , tie) C -R. For f e R — {0} put 

^(«)(/) = ^^m(/) with / = / mod (u) e R. 

Note n{u){f) > Vm{f) and n{u){f) = oo if and only if / G {u). Let f e R — {0} and write 
an expansion in the m-adic completion R oi R: 

(6.3) f^Y. ^^^^ y''^^ '^^.^ ^ ^ (o> 

{A,B) 
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where for A = (ai, . . . , Oe) G Z>q and B — {bi, . . . ,br) G Z>q, 

= y\' ... and = u\' . . . 

If n(^u){f) < oo, then we define the 0-initial form of / by: 

(6.4) ^n,{f) = ^no{f)M= E Co,BY^ek[Y], 

|B|=n(„)(/) 

where Ca,b — Ca,b mod m E k — R/m. If n(u){f) = oo, we define ino{f)(y^u) ~ 0. It is 
easy to see that ino{f) depends only on {y,u), not on the presentation (6.3). 

We will need to make the expansion (6.3) uniquely determined by /. By EGAIV Ch. 
Th. (19.8.8), we can choose a ring 5" of coefficients of R: 5" is a subring of R which is a 
complete local ring with the maximal ideal pS where p — char(/c) such that m fl 5* = pS 
and S/pS = R/m. We choose a set F C of representatives of k. Note that S' ~ A; 
and r = /c if char(A;) = char(i^) where K is the quotient field of R. Back in the general 
situation each / e is expanded in i? in a unique way as: 

(6.5) / = E ^^'^ ^""^^ ^i^^ ^ 

{A,B) 

We will use the following map of sets 

(6.6) uj = a;(,,„,r) : k[[Y, U]] ^ R ; ^ ca,b Y^U^ ^ J] Ca,b y^'u^, 

{A,B) (A,B) 

where Ca,b G F is the representative of ca,b G k. For F,G e k[[Y, U]] we have 

(6.7) u;(F + G) - uj{F) - u;{G) e pR and oj{F ■ G) - u{F) ■ u{G) e pR. 

We now introduce the notion of a (M)-standard base (see Definition 6.7), which generalizes 
that of a standard base (cf. Definition 1.19). The following facts are crucial: Under a 
permissible blowup a standard base is not necessarily transformed into a standard base 
but into a (■u)-standard base (sec Theorem 8.1), on the other hand there is a standard 
procedure to transform a (■u)-standard base into a standard base (see Theorem 7.26). 

A linear form L : W — > M given by 

e 

L{A) = Citti with Q e M {A = (a^) e W) 

i=l 

is called positive (resp. semi-positive) if q > (resp. Cj > 0) for 1 < Vi < e. 

Definition 6.2 Let {y, u) be as in Setup A and let L be a non-zero semi-positive linear 
form L onW^. 
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(1) For f & R — {0} define the L-valuation of f with respect to {y,u) as: 

VLif) = VLif)iy,u) := min{|i?| + L{A) \ Ca,b 7^ 0}, 

where the Ca,b come from a presentation (6.5) and \B\ — bi + ■•■br for B — 
{bi,...,br). We set VLif) = oo if f = 0. 

(2) Fix a representative T of k in R as in (6.5). The initial form of f E R — {0} with 
respect to L, (y, u) and T is defined as: 

triLif) = tnL{f\y,u,T) := J^O^F^t/^ 

A,B 

where A, B range over U^qXI/^q satisfying \B\+L{A) = viif)- We setiuiif) = 
if f = ^- It 'i'S to see the following: 

(i) iuL^f) is an element of k[\U]]\Y], the polynomial ring ofY with coefficients in 
the formal power series ring k[^]], 

{ii) If L is positive, inL^f) € k[U,Y] = gr^{R) and independent of the choice ofT. 

(3) For an ideal J <Z R, we define 

I^LiJ) = hiL{J\y,u,r) = i^Mf)] f^J)^ k[[UW]- 
In case L is positive we define 

In^iJ) = InLiJ)iy,u,r) = (mi(/)| / G J) C k[U,Y] = grjR). 



Remcirk 6.3 Note that Vm{f) — Vhoif) and iumif) — iuLoif), where 

Lo{A) = \A\ = ai-\ h Oe for A = {ai, . . . ,ae). 

The proofs of the following lemmas 6.4 and 6.6 are easy and left to the readers. 

Lemma 6.4 Let the assumptions be as in Definition 6.2. 

(1) VL{f) is independent of the choice ofV. We have 

VLifg) = VLif) + '"M and vlU + g) > min{wL(/), vl(5')}. 

m 

(2) Assume fi(char(A;)) > (which is automatic if L is positive). If f = ^ fi and 

•4 = 1 

Vhifi) > VL^f) for alii = l,...,m, then iuL^f) = Yli '^''^Lifi), where the sum 

l<i<m 

ranges over such i that VL{fi) — VL{f). 

(3) Let z — [zi, . . . , Zr) G R be another system of parameters such that [z, u) is a system 
of regular parameters of R. Assume VL^Zi — yi){z,u) > 1 for all i — 1, . . . ,r. Then, 
for any f e R, we have VL{f){z,u) > VL{f){y,u)- 
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Definition 6.5 Let the assumption be as Definition 6.2. Let f = (/i, . . . be a system 
of elements in R — {0}. A non-zero semi-positive linear form L on W is called effective 
for (/, y, u) ifiniifi) G k[Y] for all i = I, . . . ,m. 

Lemma 6.6 Let the assumption be as in Definition 6.5. 

(1) The following conditions are equivalent: 

(i) L is effective for {f,y,u). 

(ii) viifi) = n^u){fi) < oo and iuiifi) = mo(/i) for all i ^ 1, . . . ,m. 
(Hi) For 1 < i < m write as (6.3) 

{A,B) 

Then, for 1 < i < m and A e Z>q and B e Z>q, we have 

\B\ + L{A) > n^u){fi) if \B\ < n^u){fi) and Ci,A,B ¥^ 0. 

(2) There exist a positive linear form L on W effective for {f,y,u) if and only if fi is 
not contained in (u) C R for any 1 <i <m. 

(3) If L is effective for {f,y,u) and A is a linear form such that A > L, then A is 
effective for (/, y, u). More precisely one has 

VAifi) = viifi) = n^u){fi) and iuAif) = iriLif) = mo(/i) (1 < < m). 

Definition 6.7 Let u be as in Setup A. Let f — (/i, . . . , /^) <Z J be a system of elements 
inR-{Q}. 

(1) f is called a {u)-efjective base of J , if there is a tuple y — {yi, . . . ,yr) as in Setup 
A and a positive form L on such that L is effective for (/, y, u) and 

IriLiJ) = (^^o(/i), • • • , inoifm)) C gT^{R). 

(2) f is called a {u)-standard base, if in addition (mo(/i), . . . , mo(/m)) is a standard 
base of In^iJ). 

In both cases (1) and (2), {y,L) is called a reference datum for the {u)-effective (or 
{u)-standard) base (/i, . . . , Z^). 

Lemma 6.8 Let u be as in Setup A. 

(1) Let f — (/i,...,/„j) be a standard base of J such that iumifi) G k[Y] for i ~ 
1,. . . ,m. Then f is a {u)-standard base of J with reference datum {y,Lo), where 
Lq is as in Remark 6.3. 

(2) Assume that {u) be admissible for J (cf. Definition 6.1). A standard base f — 
ifi, ■ ■ ■ , fm) of J is a {u) -standard base of J. 
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Proof (1) is an immediate consequence of Definition 6.1(3) and Remark 6.3. We show 
(2). First we note that 

u*{J) = (m, . . . , n^, oo, . . . ) with rii = Vmifi)- 

and that {inTn{fi), . . . , Wm(/m)) is a standard base of Inm{J)- Choose y = {yi, . . . ,yr) 
such that {y,u) is strictly admissible for J C i? and identify grrr^(-R) = k[Y,U]. Then 
there exist ■ ■ ■ )'0m £ k[Y] which form a standard base of Inm{J)- Note that ■0? is 
homogeneous of degree rii ior i — 1, . . . ,m. We have 

(Wm(/l), • • ■,inm{fm)) = Irim{J) = (V"!, • • • ,^m)- 

Writing 

^'T'm(/i) = 0i + 5Z ^^^-Pi,^' ^tll ^i' -Pi,^ ^ ^[^] = 1, • • • , "^), 
AeZ|o-{0} 

this implies that . . . , 0^) is a standard base of In^^J). Hence it suffices to show that 
there exists a positive linear form L : — > M such that iriLifi) = (pi for alH = 1, . . . , m. 
We may write 

Pi,A = ^2 ^hABY^, {Ci,A,B e k), 

where the sum ranges over B G Z>q such that + |A| = := It is easy to see 

that there exists a positive linear form L satisfying the following for all A e Z>q — {0}: 

L{A) > \A\ and L{ ^ ) > 1 if 7^ 0. 

Then ini^fi) = (pi and the proof of Lemma 6.8 is complete. □ 
A crucial fact on (uj-standard bases is the following: 

Theorem 6.9 Let f = (/i, . . . , be a {u)-effective (resp. standard) base of J. Then, 
for any y — (t/i . . . , y^) a* in Setup A and for any positive linear form L on effective 
for (/, y, u), {y, L) is a reference datum for f . 

Before going to the proof of Theorem 6.9, we deduce the following: 

Corollary 6.10 Let f = (/i,...,/m) be a {u)-eff'ective (resp. standard) base of J. Let 
g = {gi, . . . ,gm) C J be such that ino{gi) = ino{fi) for all i = 1, . . . ,m. Then g is a 
{u)-effective (resp. standard) base of J. 

Proof The assumption implies that no fi or gi is contained in (u) C R. By Lemma 
6.6 (2) and (3) there exists a positive linear form L on M"^ effective for both (f.y.u) and 
{g, y, u). By the assumption on /, Theorem 6.9 implies that in-L^fi), . . . , iriL^f^) generate 
(resp. form a standard base of) inL{J). By Lemma 6.6 (l)(ii), we get 

iriLigi) = ino{gi) = ino{fi) = iniifi) for i = 1, . . . , m, 

which implies Corollary 6.10. □ 
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Proof of Theorem 6.9 Let {z, A) be a reference datum for / which exists by the 
assumption. By definition {z, u) is a system of regular parameters of R and A is a positive 
hnear form on W such that inx{fi){z,u)-i ■ ■ ■ ,'i'>^A{fm){z,u) generate (resp. form a standard 
base of) inA{J){z,u)- First we assume y — z. Then the theorem follows from Proposition 
6.11 below in view of Lemma 6.6 (Note that condition (4) of Proposition 6.11 is always 
satisfied if L and A are both positive). We consider the general case. Since {y,u) and 
{z, u) are both systems of regular parameters of there exists M — [aij) e GLr{R) such 
that 

r 

yi — li{z) + di, where li{z) — OiijZj and di e (u). 

i=i 

Take any positive linear form L' on such that L'{A) > \A\ for VA G M>q — {0}. An 
easy computation shows that for A e Z>q and B = {bi, . . . ,br) E Z>q we have 

y^u^ ^u"^ ■k{zy' ■.■k{zf' +w with VL'{w)>VL'{y^u^)^\B\+L'{A). 

This implies inL'{g){z,u) = <p{inL'{g){y,u)) foi g e R - {0}, where 

r 

(f) : k[Y] ~ k[Z] ; Yi — >• ''^^aijZj. {Zj = in^{zj), aij = aij mod m G fc) 

In view of Lemma 6.6, the proof of Theorem 6.9 is now reduced to the case y = z. n 

Proposition 6.11 Let {y, u) be as in Setup A, and let f = (/i, . . . , /^) C J. Let A and 

L be semi-positive linear forms onM^. Assume v\{chaT{k)) > (cf. Lemma 6.4) Assume 
further the following conditions: 

(1) VA{fi) = VLifi) = n(„)(/i) < 00 /or i = 1, ... ,m. 

(2) tUAifd = tuoifd ■■= e k[Y] fort = l,...,m. 

(3) 7nA{J) = (Fi(r), . . . , Fm{Y)) C k[[U]][Y]. 

Then for any g & J and any M >0, there exist Xi, . . . , & R such that 

VhiXifi) > VL{g), VA{Xifi) > VA{g), ^fl- - AJi j > M. 

If A is positive, one can take Xi & R for i — 1, . . . ,m. Assume further: 

(4) there exist c > such that L > cA. 
Then we have 

luLiJ) = i^riLifi), . . .,tnLifm)) C k[[U]][Y]. 

If L is positive, then 

lULiJ) = i^riLifi), iULifm)) C k[U, Y]. 
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Proof Let g & J and expand as in (6.5): 

A,B 

Then we have 

|S|+A(i>=^A(s) 

Put 



Smax = 5max(5, A) = max{S | Ca,b 7^ 0, \B\ + A{A) = VA{g) for some A e Z|J 
where the maximum is taken with respect to the lexicographic order. 

Lemma 6.12 Underthe assumption (1) and (2) of Proposition 6.11, there existXi, . . . , e 
R such that: 

(1) VA{Xifi) = VA{g) ifXi ^ 0, and viiXifi) > viig). 

m 

(2) VL{gi) > VL{g) where gi = g - J2 Kfi- 

i=l 

(3) VA{gi) > VA{g) and Smax(g^i, A) < Braa^{g,A) if VA{gi) = VA{g). 
If A is positive, one can take Xi E R for i = 1, . . . ,m. 

Proof By the assumptions of Proposition 6.11, we can write 

lUAig) = J] r^^^ = Yl ^*^'(^) 

A,B l<i<m 
\B\+A{A)=VA(g) 

for some Hi,...,Hm G where Fi{Y) G k[Y] is homogeneous of degree : = 

VAifi) - VLifi) for z = 1, . . . , m. Writing i/^ = E hAiYp"" with hi,A{Y) G k[Y], this 



imphes 

(6.8) Yl y''= Y hiAY)F,{Y) for each A G 

B l<i<m 
\B\+\{A)=va{9) 



Take any Aq with l^maxl + A(Ao) = VA{g) and Cao,b^^ 0. Looking at the homogeneous 
part of degree j-BmaxI in (6.8) with A — Aq, we get 

Y CI:7bY^=Y S^{Y)F,{Y) 

B l<i<m 

|B| = |Sinax| 

where Si{Y) G k[Y] is the homogenous part of degree I-Bmaxl — iT-i of hi^Ao{Y). Therefore 



m 



(6.9) Y^---YPi(Y)F,(Y)^ Y 



'=1 |S| = |B„,ax| 

B^Bmax 
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where PiiY) = (Cao,b_) ' Si{Y) e k[Y] and as = -{Ca^b^J-'CaoB e k. Now put 

m 

with Aj = 



i=l 



Pi{y)Q{u) ifP,(y)^0, 
if Pi{Y) = 0, 



where Pi(Y) e i?[y] is a hft of Pi{Y) e A;[y] and 

Q{u) = J] C^.B^..^-" e ^. 

A 

|+A(A)=,;a(9) 

Note that if A is positive, then the sum is finite and Q{u) e R and Aj e i?. For 1 < i < m 
with 7^ 0, we have 

VA{Xi) = (I-Bmaxl - Tli) + {vA{g) - |5max|) = -"aI^) - ^i, 

Vl{K) =(|-Bmax| - rii) + VLiQiu)) 

>(|-Bmax| - rii) + VL{g) - I-Bmaxl = VL{g) - Ui , 

which shows Lemma 6.12 (1) in view of Proposition 6.11 (1). Here the last inequahty 
holds because 



VL{g)=mm{\B\+L{A)\CA,B^O}, 



vl{Q{u)) + \B^e^\ =min{|5| + L{A) \ Ca,b ^ 0, B = B^^, \B^^\ + K{A) = VA{g)]. 
Therefore, by Lemma 6.4 (1) we get 

vk{9i) > m.m{vAig), ^A(-^i/i) (1 < ^ < rn)} > VA{g). 
If VA{gi) — VA{g), then Lemma 6.4 (2) implies 

/ m 

in-Aigi) = iriAig) + iriA I ^ AJi 

= iuAig) + ^ inA{\i)inA{fi) 

1 <i<m 

m 

^inA{g)-Q{U)Y,P,{Y)F,{Y), 

i=l 

where 

Q{U)^ Ci:^^U^ ek[[U]]. 

A 

\+A{A)=va{9) 

Hence, by (6.9), we get B^iaxigi, < 5max(^?! A), which proves Lemma 6.12 (3). Finally, 

viigi) > m.m{vL{g),VL{Xifi) {I < i < m)} > VL{g), 

because VL^Kfi) > viig)- This proves Lemma 6.12 (2) and the proof of the lemma is 
complete. □ 

82 



We now proceed with the proof of Proposition 6.11. From g — we construct gi as in 
Lemma 6.12, and by applying Lemma 6.12 repeatedly, we get a sequence go, gi, g2, ■ ■ ■ , ge, ■ ■ 
in J such that for all £ > 1 we have 

m 

ge = gt-i - ^ >^i,ifi with Xi^i e R, 
1=1 

VA{Xe,ifi) > VA{ge-i) > VA{g) andvLiXe,ifi) > viigi-i) > VL^g), 
VL{ge) > viige-i) a.n(lvp,{ge) > VA{ge~i), 
Brmoc{gi,A.) < B^^{gi_i,A) iivAige) = VA{gi-i)- 



Then we have 



(6.10) 



m I 

9e^ g-^ IJ'e,ifi with = ^ A^^j, 

i=l q=l 



v\{ne,ifi) > min {vA{Xqifi)} > VA{g), 
i<q<e 

VL{l^e,ifi) > min {vL{Xqifi)} > viig). 



Note that -Bmax(5'£iA) cannot drop forever in the lexicographic order so that we must 
have VA^ge.) 7^ VA^gi-i) for infinitely many £. Noting va{R) is a discrete subset of M, this 
imphes that for given M > 0, taking I sufficiently large, 

m 

VA{ge) = VA{g -^i^e,ifi) > M. 
1=1 

This shows the first assertion of Proposition 6.11 in view of (6.10). It imphes by (4) that 
for any g & J, there exist Ai, . . . , e i? such that 

rn 

VL{\fi) > VL{g): VL{g-^ Xifi) > viig), 



which implies, by Lemma 6.4 (2), that inL{g) — i'nL{Xi)inL{fi), where the sum ranges 

i=l 

over all i for which vi^Xifi) = VL^g)- This shows Itil^J) = {inL{fi), ■ ■ ■ ,inL{fm)), which 
also implies the last assertion of Proposition 6.11 by the faithful fiatness of over 
k[U,Y]. This completes the proof of Proposition 6.11 □ 

Lemma 6.13 Let u he as in Setup A and assume that {u) is admissible for J (of. Defi- 
nition 6.1). 

(1) If f ^ ifi, . . . , fm) is a {u)-effective base of J, then 

In^{J) = (mo(/i), . . . , inoifm)) and J = (/i, ...Jm)- 

(2) If f — {fi, . . . , fm) is a {u) -standard base, then (mo(/i), . . . , ino{fm)) is a standard 
base of In^{J) andu*{J) = (n(„)(/i), . . . , n(„)(/^), 00, 00, . . . ). 
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Proof (2) follows at once from (1). The second assertion of (1) follows from the first 
in view of [H3], (2.21.d). We now show the first assertion of (1). Choose y = {yi, . . . ,y,) 
such that (y, u) is strictly admissible for J. By Theorem 6.9, there exists a positive linear 
form A such that [y, A) is a reference datum for /. By Definition 6.7 and Lemma 6.6 (1) 
this implies v\{fi) — n(^u){fi) < oo for i = 1, . . . , m and 

/nA( J) = {F,{Y),..., F^{Y)) with F,{Y) = zn^ifi) = zno{fi) G k[Y]. 

It suffices to show In\{J) — Inm{J)- By the strict admissibihty of {y,u), Lemma 1.24 
implies that there exists a standard base g = (gi, . . . ,gs) which is admissible for {y,u) 
(cf. Definition 6.1). By Lemma 6.8 (2) this implies Vm{gi) — VLo{gi) — n{u){gi) < oo for 
i = 1, . . . , s and 

Irir^iJ) = IriL,{J) = (G'i(y), . . . , Gs{Y)) with diY) = inM G k[Y]. 

Take a positive linear form L such that L > A and L > Lq. Then Proposition 6.11 and 
Lemma 6.6 (3) imply In\{J) = Iul^J) = Iulq^J) = Inm{J)- This completes the proof. 
□ 
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7 Characteristic polyhedra of J (Z R 



In this section we are always in Setup A (beginning of §6). We introduce a polyhedron 
A{J,u) which plays a crucial role in this paper. It will provide us with useful invariants 
of singularities of Spec(-R/J) (sec §10). It also give us a natural way to transform a 
(wj-standard base of J into a standard base of J (see Corollary 7.26). 

Definition 7.1 (1) An F -subset A C is a closed convex subset ofWl.Q such that 

V G A implies v + ]R>q C A. The essential boundary dA of an F -subset A is the 
subset of A consisting of those w e A such that v ^ v' -\- M>q with v' E A unless 

V = v' . We write A+ = A — dA. 

(2) For a semi-positive positive linear form L -.W put 



Then El = A n e M*^! L{v) = Sl^A)} is called a face of A with slope L. One 
easily sees that El is hounded if and only if L is positive. If El consists of a unique 
point V, we call v a vertex of A. 

(3) When L = Lq as in Remark 6.3, we call S{A) = Slo{A) = min{ai + . . . + | 
(ai, . . . , ae) G A} the S-invariant of A and Elq the 5-face of A. 

Definition 7.2 Let {y, u) be as in Setup A in ^6. Let / e m 6e not contained in (u) C R. 
Write as in (6.3); 



This is in fact a polyhedron in M>o; which depends only on f, y, u, and does not 
depend on the presentation (6.3). 

(2) For V &W — A{f, y, u)~^, the v-initial of f is defined as 



h{A) 



mm{L(v) I V £ A}. 



/ 



J2 ^A,B y^'u^ with Ca,b e i?^ u {0}. 

{A,B) 




I niu){f) -\B\ ' ) 



in^if) = iny{f)(y^u) = ino{f) + in^ifY G /c[F, U], 



where writing as (6.3), 



inv{f) 



+ 



irivif) 



+ 



J2Ca,b Y''U^ek[Y,U] 



{A,B) 



where the sum ranges over such {A,B) that \B\ < n(^u){f) O'l^d 



A 



n{u){f) - \B 



— V. 
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(3) For a semi-positive linear form L : — > we write 5L{f,y,u) — 5L{A{f,y,u)). 
By definition 

SL{f,y,u) =mm\ ^^f^ I Ca,b + 0, \B\ < n(„)(/)j . 

and El = A(/, y, u) (1 {A e L{A) = Siif, y, u)} is a face of A(/, y, u) of slope 
L. When El is the 6-face of A{f,y,u) (namely L — Lq as in Definition 7.1 (3)), 
we write simply S{f,y,u) — SL{f,y,u). 

(4) Let El be be as in (3). We define the EL-initial of f by 

iuEAf) = ^nEAf)(y,u) = inoif) + ^^-^ ^""^^ ^ k[[U]][Y] 

(A,B) 

where the sum ranges over such {A, B) that 

\B\ < n^u){f) and L{A) = 5Lif,y,u){n^u)if) - \B\). 

We note that iriELif) is different from inL^f) in Definition 6.2 (2). When El is 
the 5-face of A{f,y,u), we write ins{f) foriuE^if). 

One easily sees the following: 

Lemma 7.3 Let the notation be as in Definition 7.2. 

(1) inv{f ){y,u) is independent of the presentation (6.3). 

(2) If El is hounded, iuE^if) ^ ^[f^i^] and it is independent of the presentation (6.3). 
Otherwise it may depend on (6.3) (so there is an abuse of notation). 

(3) If El is bounded, 

iriE^f) = inoif) + ^iUyify. 

(4) in^if) = mo(/) ifv ^ A{f,y,u) and in^{f) ^ ino{f) if v is a vertex ofA{f,y,u). 
Lemma 7.4 (1) 5{f, y,u)>l if and only if n^u){f) = v^if)- 

(2) 5if,y,u) = 1 if and only if inm{f) = ins{f ). 

(3) S{f,y,u) >1 if and only if in^{f) = ino{f) e k\Y\. 

Proof By definition 5{f, y,u)>l is equivalent to the condition: 

Ca,b + and \B\ < n^u)U) =^ 1^1 + 1^1 > 
which is equivalent to 

\A\ + \B\ < n(„)(/) ^ Ca,b = or \B\ = n(„)(/). 

Lemma 7.4 (1) follows easily from this. (2) and (3) follow by a similar argument and the 
details are omitted. □ 
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Definition 7.5 Let f — (/i, . . . , /^) C m &e a system of elements such that fi ^ (u). 

(1) Define the polyhedron 

A{{f^,...,U),y,u) = A{f,y,u)CR%, 
as the smallest F -subset containing U A{fi,y,u). 

l<i<m 

(2) For V e — A(/, I/, the v-initial of f is defined as 

irivif) = (irivifi): ■ ■ ■ , in^ifm)) 

by noting 

A(/,y,K)+D U A(/,,y,u)+, 

l<i<m 

The E^-initial iuE^if) of f for a face El of A{f,y,u) is defined similarly. 

(3) For a semi-positive linear form L : — ^ R, we put 

hif^y^u) = mm{SL{fi,y,u) \ l<i<m}. 

(4) We let V{f,y,u) denote the set of vertices of A{f,y,u) . We put 

V{f, y, u)^{v eM."" - A{f, y, wj+l m^(/j) ^ ino{fi) for some l<i< m}. 

We call it the set of the essential points of A{f, y, u). By definition A{f, y, u) is the 
smallest F -subset o/R^ which contains V{f,y,u). By Lemma 7.3 we have 

V{f,y,u)cV{f,y,u)cdA{f,y,u). 

The following fact is easily seen: 
Lemma 7.6 We have 

V{f, y, u) C ^Z|o C with d = max{n(„) (/i) | l<i<m}. 

In particular V{f, y, u) is a finite set. 

Theorem 7.7 Let the assumption be as in Definition 7.5. The following conditions are 

equivalent: 

(1) f is a {u)-standard base of J and S{f,y,u) > 1. 

(2) f is a standard base of J and in-^{fi) e k\Y] for Mi. 

If (u) is admissible for J, the conditions imply that {y, u) is strictly admissible for J. 

Proof The implication (2)^(1) follows from Lemma 7.4 in view of Remark 6.3. We 
show (1)=^(2). When 6{f,y,u) > 1, L = Lq is effective for {f,y,u) by Lemma 7.4, where 
Lq{A) = \A\ (cf. Remark 6.3). Thus the desired assertion follows from Theorem 6.9. 
Assume that (u) is admissible for J. By Lemma 6.13, the conditions imply that Inm{J) 
is generated by polynomials in k[Y]. Thus we must have /Dir(i?/ J) = (Yi, . . . , Y^) by the 
assumption that {u) is admissible for J. This proves the last assertion. □ 



87 



Definition 7.8 Let the assumption be as in Setup A in ^6. The polyhedron A{J,u) is the 
intersection of all A(/, y, u) where f — {fi, . . . , fm) is a {u)-standard basis with reference 
datum {y, L) for some y and L. 

Remark 7.9 (1) This is not the original definition given in [H3], (1.12) (which is 
formulated more intrinsically), but it follows from loc. cit. (4-8) that the definitions 
are equivalent. 

(2) As a polyhedron, A{f,y,u) and A{J,u) are defined by equations 

Li{A) > di,...,Lt{A) > dt 
for different non-zero semi-positive linear forms Lj on W. 

Another important result of Hironaka provides a certain condition under wliich we have 
A( J, u) = A(/, y, u) (see Theorem 7.16). First we introduce the notion of normahzedness. 

Definition 7.10 Let S = k[Xi, . . . , X„] be a polynomial ring over a field k and I G S be 
a homogeneous ideal. We define: 

E{I) — {LE{(p) e Z>Q \ if e I homogeneous} , 

where for a homogeneous polynomial ip G S, LE{ip) is its leading exponent, i.e., the biggest 
exponent (in the lexicographic order on I^^q) occurring in </?.• For </? = YIi^aX^ we have 
LE{(p) = max{A \ ca 7^ 0}. // / is generated by homogeneous elements (pi, . . . ,(p^, we 
also write E{I) = E{ipi, ...,(pm)- We note E{I) + Z|o C E{I). 

Definition 7.11 Assume given Gi, . . . , e ^[[t^UM = k[[Ui, Ue]][Y]: 
Gi = Fi{Y) + Y^'PiMU), {PiAU) e k[U]) 

\B\<ni 

where Fi{Y) e k\Y] is homogeneous of degree rij and PiAU) ^ k — {0}. 

(1) {Fi, . . . , Em) is normalized if writing 

Ei{Y) = Y^Q^bY'' with Q^B e k, 

B 

Ci,B^OifBeE{E,,...,Ei_,)fori^l,...,m . 

(2) (Gi, . . . , Gm) is normalized if {Ei, . . . , F^) is normalized and Pi,B{U) = if B & 
E{Ei, Fi_i) for i ^ 1, . . . ,m . 

It is easy to see that if (Fi, . . . , F^) is normalized, then it is weakly normalized in the 
sense of Definition 1.3. There is a way to transform a weakly normalized standard base 
of a homogeneous ideal I G k[Y] into a normalized standard base of / (cf. [H3], Lemma 
3.14 and Theorem 7.19 below). 

Definition 7.12 Let the assumption be as in Definition 7.5. 
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(1) (/, y, u) is weakly normalized if (mo(/i)) ■ ■ ■ , ^^o(/m)) is weakly normalized. 

(2) (/, I/, u) is 0-normalized if (mo(/i), . . . , iriQ^fm)) is normalized in the sense of Defi- 
nition 7.11 (1). 

(3) {f,y,u) is normalized at v E W — A{f,y,u)^ if so is . . . ,iny{fm)) in the 
sense of Definition 7.11 (2). 

(4) (/, y, u) is normalized along a face El ofA{f, y, u) if so is (iriEi^ifi), • • • , iriEi^ifm)) 
in the sense of Definition 7.11 (2). 

Now we introduce the notions of (non-) solvability and preparedness. 

Definition 7.13 Let the assumption he as Definition 7.5. For v e V{f,y,u), {f,y,u) is 
called solvable at v if there are Xi, . . . ,Xr G k[U] such that 

in^{fi){y,u) =Fi{Y + A) with Fi{Y) = ino{fi)^y,a) (i = 1, . . . , m) , 

where Y + \ = (Fi + Ai, . . . , 1^ + A^). In this case the tuple A — (Ai, . . . , A,.) is called a 
solution for (/, y, u) at v. 

Remark 7.14 Forv G V{f, y, u), it is not possible that iny{fi) G k[Y] for alii — 1, ... ,m 
(cf. Definition 7.5 (4)); hence X ^ if v is solvable. 

Definition 7.15 Let the assumption be as Definition 7.5. 

(1) Call (/, I/, u) prepared atvE V{f, y, u) if (/, |/, u) is normalized at v and not solvable 
at V. 

(2) Call {f,y,u) prepared along a face of A{f,y,u) if {f,y,u) is normalized along 
El and not solvable at any v G V{f, y, u) (1 El. 

(3) Call (/, u) d-prepared if it is prepared along the S-face of A(/, y, u). 

(4) Call (/, y, u) well prepared if it is prepared at any v G V{f, y, u). 

(5) Call (/, u) totally prepared if it is well prepared and normalized along all bounded 
faces of A{f,y,u). 

We can now state Hironaka's crucial result (cf. [H3], (4.8)). 

Theorem 7.16 Let the assumption he as in Definition 7.5. Assume that f is a (u)- 
standard base of J and the following condition holds, where R — R/ {u) , m — m/{u), 
J = JR.- 

(*) There is no proper k-subspace T C gr^{R) such that 

{In^J) n k[T]) ■ gr^R) = In^^iJ). 

Let V be a vertex of A{f,y,u) such that {f.y.u) is prepared at v. Then v is a vertex of 
A{J,u). In particular, if{f,y,u) is well-prepared, then A{J,u) = A{f,y,u). 

We note that condition (*) is satisfied if (u) is admissible (Definition 6.1). 
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Corollary 7.17 Let the assumption be as Theorem 7.16. Assume further that {u) is 
admissible for J. Then the following conditions are equivalent: 

(1) {f,y,u) is prepared at any v e V{f,y,u) lying in {A e \A\ < 1}. 

(2) 5{f,y,u)>l. 

(3) {y,u) is strictly admissible for J and f is a standard base of J admissible for {y,u). 
The above conditions hold if {f,y,u) is 5-prepared. 

Proof Clearly (2) implies (1). The equivalence of (2) and (3) follows from Theorem 
7.7. It remains to show that (1) implies (2). By Lemma 1.24 we can find a strictly 
admissible {z, u) and a standard base g oi J admissible for {z, u). By Lemma 7.4 we have 
S{g,z,u) > 1 and hence 

A( J, u) c A(^, z, u)c{Ae W\ \A\ > 1}. 

By Theorem 7.16 this implies 6{f, y, u) > 1 since (/, y, u) is well-prepared at any vertex v 
with 1^1 < 1. Finally, if (/, y, u) is 5-prepared, Theorem 7.16 implies y, u) = 6{A{J, u)) 
and the same argument as above shows 5{f,y,u) > 1. This completes the proof. □ 

We have the following refinement of Theorem 2.2 {2){iv). 

Theorem 7.18 Let the assumption be as Definition 7.5. Assume that (u) is admissible 
for J and that (/) is a {u)-standard base of J. Let X = Spec(i?/J) and D = Spec(i?/p) 
for p = {y,ui, . . . , Us) C m = {y,ui, . . . , Ue). Assume that D C X is permissible and that 
there exists a vertex v on the face El such that (/, y, u) is prepared at v, where 

L:W^R- (ai,...,ae) ^ J] a^, 

l<i<s 

Then Vp{fi) — v-J^fi) — n(^u){fi) for i — 1, . . . ,m. In particular we have S{f, y, u) > 1. 
Proof of Theorem 7.18 By Theorem 7.16, the last assumption implies 
(7.1) SL{f,y,u)^SL{A{J,u)). 

Let Hi — n(^){fi) — J) for i = 1, . . . , m. By Lemma 6.13 (2) and (1.4) we have 

Vp{fi) < Vraifi) < n(u){fi) =ni for i = 1, . . . , m. 

Thus it suffices to show that (7.1) implies Vp{fi) > Ui. Let g — {gi,...,gm) be a (u)- 
standard base of J. As usual write 

i,A,B 

Note that n(^u)i9i) — ^(M)(/i) — by Lemma 6.13 (2). We have 



VpiOi) > ni -^^l-B] + L{A) > Ui if Ci^A,B 7^ and \B\ < 



Ui 



^'^■^^ ^) > 1 if Ci,A,B ^ and \B\ < m 

Hi - \B\ 
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Hence we get the following equivalences for a (li) -standard base g of J: 



^^g^ SL{g,y,u) >1 4^ Vp{gi) >u^'\j) for i = l,...,m 

<^ Vp{9i) = Vm{9i) = n^u){9i) = ^^'\J) for i = 1, . . . ,m 

Noting that any standard base is a (M)-standard base by Lemma 6.8 (2) (here we used the 
assumption (1)), Theorem 2.2 {2){iv) implies that there exists a (M)-standard base g which 
satisfies the conditions of (7.3). Since A{g,y,u) D A{J,u), this implies 5L{f,y,u) > 
5L{g,y,u) > 1, which implies the desired assertion by (7.3). Finally the last assertion 
follows from Lemma 7.4. □ 



We can not expect to get the desirable situation of Theorem 7.16 right away. So we need 
procedures to attain this situation. This is given by the following results (cf. [H3], (3.10), 
(3.14) and (3.15)). First we discuss normalizations. 

Theorem 7.19 Let the assumption be as in Definition 7.5. Assume that (/, y, u) is weakly 
normalized. For v e V{f,y,u), there exist Xij G (m) G R (1 < j < i < m) such that the 
following hold for 

i-1 

h = {hi, ...,hm), where hi = fi-^ Xijfj. 
{t) A{h,y,u)CA{f,y,u). 

{ii) If V e A{h,y,u), then v e V{h,y,u) and {h,u,y) is normalized at v. 
{Hi) V{f,y,u)-{v} cV{h,y,u). 

(iv) Forv' e V{f,y,u) - {v], we have in^'{f){y^u) = in^'{h){y,u)- 

Remark 7.20 In the above situation, the passage from {f,y,u) to {h,y,u) is called a 
normalization at v. It is easy to see that ino{hi) — ino{fi) for all i, 1 <i < m. 

We will need the following slight generalization of Theorem 7.19: 

Theorem 7.21 Let the assumption be as in Definition 7.5. Let E be a bounded face of 
A{f,y,u). Assume that {f.y. u) is normalized at any v e Er\V{f,y,u). Then there exist 
Xij G {u)R (I < j < i < m) such that putting 

i-1 

hi = fi-^ Xijfj forl<i<m, 
A{h,y,u) = A{f,y,u) and {h,y,u) is normalized along E. 

Proof Write E = A(/, y, u)n{AeW\ L{A) = 1} for a positive linear form L : ^ R. 
For i = 1, . . . , m, we can write 

inE{fi) = Fi{Y) + J2 Y^'PrAU) e k[Y, U], P,,b{U) = J] c,,a,bU^ e k[U], 

\B\<ni \B\+L{A)=ni 
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where rii = n(u){.f't) = Vhifi) and F^iY) — ino{fi) G k\Y] which is homogeneous of degree 
rii. For each i > 1 put 

E(/i, ...,/,) = {B\ Pi,B{U) ^0, Be E{F,, F,_i)}. 

If . . . , /j) = for alH > 1, there is nothing to be done. Assume the contrary and 
let j — min{i| S(/i, • • • , /i) 7^ 0} and -Bmax be the maximal element of . . . , fj) with 
respect to the lexicographic order. Note that 

(7.4) i^—JfT^ I ^^-.^.^^a. 7^ 0} C Er.\V{f, y, u) 

'^j I max I 

by the assumption that {f,y,u) is normalized at any v e n V{f,y,u). By the con- 
struction there exist Gi{Y) e k\Y], homogeneous of degree |i?max| — '^i, for 1 < i < j — 1 
such that 

H{Y) := y^--^ - Gi{Y)Fi{Y) 

i<«<i-i 

has exponents smaller than -Bmax- Note that H(Y) is homogeneous of degree |Sniax|- For 
i = 1, . . . , j — 1, take Qi e R such that inm{gi) = Gi{Y) and take 

A B — 7^ Ca A B E R with Ca A B — Co A B mod tTl. 

\+L{A)=ni 

Put 

= fj - Pj,Bm^ Yl 3ifi and /ij = for 1 < i ^ j < m. 
i<j<j-i 

By (7.4), we have 

iuEihj) = iuEifi) - Pj,B^AU){Y^-- - H{Y)), 
in^{hj) = in^ifj) for V^; e ?/). 

Hence S(/ii, . . . ,hi) = S(/i, . . . , /«) for alH = 1, . . . , j — 1 and all elements of S(/ii, . . . , /ij) 
are smaller than -Bmax in the lexicographical order. This proves Theorem 7.21 by induction. 
□ 

Now we discuss dissolutions. 

Theorem 7.22 Let the assumption be as in Definition 7.5 and let v e V{f,y,u). 

(a) Any solution for {f,y,u) at v is of the form A with Aj = CiU^ , where Ci E . In 
particular, if it exists, a solution is always non-trivial and v Ell' . 

(b) Let d — (di, . . . ,dr) C R with di E {u") be such that the image of di in grl^' (.R) is 
Aj. Let z — y — d — {yi — di, . . . ,yr — dr). Then 

(i) A{f,z,u)CA{f,y,u). 

(u) V ^ A(/, z, u) and V{f, y, u) - {v} C V{f, z, u). 
{Hi) For v' e V{f, y, u) — {v}, we have 

inv'{f){z,u) = i'flv'{f){y,u)\Y=Z ^ ^[^' (^ ^ i'nm^z) G QtUR)) 
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Remark 7.23 In the above situation, the passage from {f,y,u) to {f,z,u) is called the 
dissolution at v. It is easy to see ino(/i)(2,u) = ^?T'o(/i)(j/,w)|y=z f^''^ 1 < Vi < m. 

We now come to the preparation of (/, y, u) : Let the assumption be as in Definition 
7.5. We apply to {f,y,u) alternately and repeatedly normalizations and dissolutions at 
vertices of polyhedra. To be precise we endow M>q with an order defined by 

V > w \v\ > \w\ or \v\ — \w\ and v > w in the lexicographical order. 

Let V e V{f,y,u) be the smallest point and apply the normalization at v from Theorem 
7.19 and then the dissolution at v from Theorem 7.22 if v is solvable, to get {g, z, u). Then 
{g, z, u) is prepared at v. Repeating the process, we arrive at the following conclusion (cf. 
[H2], (3.17)). 

Theorem 7.24 Let the assumption be as in Definition 7.5. Assume that (/, y, u) is weakly 
normalized. For any integer M > 0, there exist 

Xij e {u) {1 < j < i <m), {u) (z/ = 1, . . . , r), 

such that putting 

z = {zi, ...,Zr) with z^^y^,- d^, 

i-l 

9 = {gi: ■■■:9m) with gi = f\-^ Xijfj , 

J=l 

we have A{g, z, u) C A(/, y, u), and {g, z, u) is prepared along all bounded faces contained 
in {A e W'\ \A\ < M}. If R is complete, we can obtain the stronger conclusion that 
{g,z,u) is well-prepared. 

Remark 7.25 By Theorem 7.21 we can make {g,z,u) in Theorem 7.24 satisfy the addi- 
tional condition that it is normalized along all bounded faces of the polyhedron contained 
in {A e W\ \A\ < N}. If R is complete, we can make {g,z,u) totally prepared. 

Corollciry 7.26 Let the assumption and notation be as in Theorem 7.24. 

(1) If f is a {u) -standard base of J, then so is g. 

(2) If f is a {u)-standard base of J and {u) is admissible (cf. 6.1), then 6{g,z,u) > 1 
and {z,u) is strictly admissible and g is a standard base admissible for (z.u). 

Proof (1) follows from Corollary 6.10. (2) follows from (1) and Theorem 7.17. □ 

At the end of this section we prepare a key result which relates certain localizations of 
our ring to certain projections for the polyhedra. Let (/, y, u) be as in Definition 7.5. For 
s = 1, . . . , e, we let 

Ps = (y, u<s) = {yi, ...,yr,Ui,...,Us). 
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Let Rs be the localization of R at p^, let Jg = JR^, and m.^ = p.^R.^ (the maximal ideal of 
Rs). We want to relate A(/, y, u) C W to A(/, y, u<s) C M*, the characteristic polyhedron 
for Js <Z Rs- Assume given a presentation as in (6.3): 

(7.5) fi^Yl ^^.^'^ y^""^ ^^'^.^ eR^'UiO} (i = 1, . . . , m). 

(A,S) 

(7.5) can be rewritten as: 

(7.6) fi=Yl P^,B y^'u^ 

iCB) 

where for C = (oi, . . . , a^) e Z?.q, = u^^ ■ ■ ■ u^" and 

(7.7) PgS,s = E • • • e ^. 

j4=(ai,...,as,a3+i,...,ae) 

We now introduce some conditions which are naturally verified in the case where Spec(i?/ (ui)) 
is the exceptional divisor of a blowup at a closed point (see Lemma 9.4 below). Assume 

(PO) J C pi and there is a subfield ko C R/pi such that Pi,A,B mod pi e ko. 

By (PO) we get the following for C = (ai, . . . , a^) e Z>q: 

Pf,C,B - P^%B mod p, = E ^^A,B^^";Y • • • e . . . , ^^e]] C P/p„ 

A={ai,...,as,as+i,---,ae) 

Pi,c,B Pi,A,B mod ps e ko ^ R/ps, Uj ^ Uj mod p^ e P/p^. 
Hence we have the following equivalences for C e Z>q 

e ^ Pi,A,B = for all A e Z|o such that tIs{A) = C 

^^^^ " ^^&-o 

where tt^ : ^ ; (ai, . . . , Ce) — > (ai, . . . , Cg). We further assume 

(P2) For fixed B and a e Z>o, there are only finitely many A such that Pj,A,B 7^ and 
7ri(A) = a. 

This condition implies P^c,b ^ P- 

Theorem 7.27 Let L : R* — >• R 6e a semi-positive linear form and Lg = L o tt^. 

(1) //(PO) /io/(is, i/ien 

A(/, y, u<s) = 7r5(A(/, u)) and SlU, y, u<s) = SlXI, V, u). 

(2) If (PO) and (P2) /ioW and L(l, 0, . . . , 0) 7^ 0, then the initial form along the face 
El of A{f,y,u<s) (with respect to the presentation (7.6), cf Definition 7.2) lies in 
the polynomial ring R/ps[Y, U<s] o^nd we have 

^nEM{y,u<,) = inEj^Sf)iy,^)\Ui=ui (s+i<i<e) ' 
considered as an equation in ko[us+i, ■ ■ ■ ,Ue\\y, U<s\ C P/ps[Y, U<s\ (cf (P2) ). 
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(3) Assume (PO) and (P2) and L(l, 0, . . . , 0) 7^ 0. Assume further: 

{i) There is no proper k-subspace Tc ^ k ■ Yi (k — R/xn) such that 

l<i<r 

F,{Y) := inoifi) G k[T] C k[Y] for all j = 1, . . . , m. 
{ii) (/, u) is prepared along the face E^^ of A(/, u). 

Then (/, u<s) is prepared along the face El 0/ A(/, y, u<s)- 
Proof By (PI) we get 

SL{f,y,u<s) = min{-^^ I \B\ < m, P$^s ^ 0} 

Lg(A) 

= min{ — I |P| < m, Pi,A,B 7^ 0} = SiXf, y, u) 

Hi — \±}\ 

and (1) follows from this. To show (2), we use (7.6) to compute 



tC 
<s 



(7 8) ""'^ 

B,A 

where the first (resp. second) sum ranges over those B, C (rcsp. P, A) for which \B\ < Ui 
and L{C) = 5L{f,y,u<s){ni - \B\) (resp. |P| < and L,{A) = SL,{f,y,u){ni - \B\)). 
(2) follows easily from this. 

We now show (3). By (2) the assumption (ii) implies that inE^{f){y,u<s) normalized. 
It suffices to show the following: 

Claim 7.28 Let v he a vertex on El. Then {f,y,u<s) is not solvable at v. 

Wc prove the claim by descending induction on s (the case s = e is obvious). From (1) we 
easily see that there exists a vertex w G A(/, y, u) such that 7^s{w) = v and Vt := 7Tt{w) is 
a vertex of A(/, y, , u<t) for all s < i < e. By induction hypothesis, we may assume 

(*) if J y J '<J'<s+i) is not solvable at Vs+i- 

Assume (/, y, u<s) solvable at v. Then v G Z>q and there exist elements Ai, . . . , of the 
fraction field K oi R/pg such that 

(7.9) m,(/)(,,„^^) = P,(Yi + AiC/^„ . . . , + A,C/^ J for alH = 1, . . . , m. 

Claim 7.29 \j lies in the localization S of R/ps at ps+i/ps for all j = 1, . . . ,r. 

Admit the claim for the moment. By the claim we can lift Xj & S to Xj G Rg+i, the 
localization of R at ps+i- Set Zj — yj + Xju^^ G P^+i C Rg. Take a positive hnear form 
L, -.W^R such that El,, = {v} and hence Ly{v) = SLj{f,y,u<s). By Theorem 7.22, 
A{f,z,u<s) C A{f,y,u<s) - {v} so that 

(7.10) 5LSf,z,u<s) > 5L,if,y,u<s). 
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Now we apply (1) to J^+i C Rg+i and {f,z,u<s+i) instead of J C i? and {f,y,u). Note 
that in the proof of (1) we have used only (PO) which carries over to the replacement. 

We get 

A{f,z,u<s) ^■K{A{f,z,u<s+i)) and 5l,oM: ^:U<s+i) ^ SL,{f, z,u<s), 
where tt : W^'^^ — > ; (oi, . . . , a^+i) — > (oi, ...,05). By the assumption, v — 7r{vs+i) and 

L^on{vs+i) = L^{v) = 5L^(/,y,u<s). 
By Theorem 7.16, (*) implies 

(7.11) Vs+i e A( Js+i, u<s+i) C A(/, z, u<s+i)). 

Thus we get 

SL,{f,Z,U<s) = 5L^o7r(/,^,^i<5+l) < SL,on{A{Js+l,U<s+l)) < O n{Vs+l) ^ 5lM ^'^<s) , 

where the inequahties follow from (7.11). This contradicts (7.10) and the proof of (3) is 
complete. 

Now we show Claim 7.29. Note that is a discrete valuation ring with a prime element 
TT := Us+i mod ps- Thus it suffices to show VT^{\j) > for j = 1, . . . ,r. Assume the 
contrary. We may assume 

^^7r(Ai) = -e < 0, v^{Xi) < v^{Xj) for j = 1, . . . , r. 

Set 

Zj ^Yj + jijV where V = C/<^ and jij = A^-tt^ e 5", 
and recall that Fi{Y) = ino{fi) G A;o[^] and kg C S by (PO) . Consider 

Fi(Z) = Fi{Y, +ji^V,...,Yr + JlrV) e k[Y, V], k := S/{7r) = «(p,+i), 

where /Ij = /ij mod tt e We claim that there is some i for which Fi{Z) ^ i^[Y]. Indeed, 
by the structure theorem of complete local rings, (PO) implies R/ps+i ^ k[[us+2: • • • , Me]] 
so that K is contained in k{{us+2, ■ ■ ■ , Ue)) which is a separable extension of k. By (3)(i) 
and Lemma 1.22 (2), 

T = K ■ (Fi + JIjV) C ^k-Yj(Bk-V 

is the smallest K-subspace such that Fi{Z) e k[T] for alH = 1, . . . ,m. Thus the claim 
follows from the fact that Jli ^ 0. For the above i, we expand 

F0^ + Ai\/, . . . , n + \V) = ^7sF^y'^*-l^l (7s e X), 

and we get 

Since Fi{Z) ^ k,[Y], there is some B such that \B\ < Ui and 757r^("'~l^l) is a unit of 5". 
Noting e > 0, this implies 7^ ^ 5". On the other hand, (7.8) and (7.9) imply 7^ e 5", 
which is absurd. This completes the proof of Claim 7.29. □ 
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8 Transformation of standard bases under blow-ups 



In this section we will study the transformation of a standard base under permissible 
blow-ups, in particular with respect to near points in the blow-up. We begin by setting 
up a local description of the situation in Theorem 2.14 in §2. 

Setup B 

Let Z be an excellent regular scheme and X C Z be a closed subscheme and take a closed 
point X G X. Put R = Oz,x with the maximal ideal m and put k = R/m = k(,t). Write 
X Xz Spec(i?) = Spec(i?/J) for an ideal J C m. Define the integers ni < n2 < ■ ■ ■ < rim 
by 

Ki^: Z) = i'*{J) = {nu . . . , n^, oo, oo, . . . ). 

Let D C X he a, closed subscheme permissible ai x E D and let J C p be the prime ideal 
defining D C Z. By Theorem 2.2 (2) we have Tx{D) C Dirj;(X) so that we can find a 
system of regular parameters for R, 

{y, u, v) = {yi, ...,yr,Ui,...,Us,Vi,..., Vt) 

such that p = {y,u) and {y, {u,v)) is strictly admissible for J (cf. Definition 6.1). This 
gives us an identification 

gr^{R) = k[Y,U,V]=k[Y,,...,Y,,U^,...,U,,V^,...,Vt] {k = R/m) 

where Yi — inm{yi), Ui — inm{ui), Vi — in-m{vi) G gr^(it!). Consider the diagram: 

B£n{X)^ X' C Z' ^ B£n{Z) ^ n^\x) ^ 

X G Z 

and note that 

:= 7Tz\x) = F{T,{Z)/T,{D)) = Proj(A;[F, ^7]) ^ P^+*-^ 

We fix a point 

x' e Proj(A;[f/]) C Proj(A;[y', U]) = E^. 

(By Theorem 2.14, if char(«;(x)) = or char(«;(a;)) > dim(X), any point of X' near to x 
lies in Proj(/c[[/]). Moreover, if x' is near to x, Theorem 2.10 implies 

u:,{x',z')^u;{x,z). 

Without loss of generality we assume further that x' lies in the chart {Ui 0} C E^. Let 
R' = Oz',x' with the maximal ideal m' and let J' C m' be the ideal defining X' C Z' at 
x'. Put k' = k{x') = R'/m'. Then mi?' = {ui,v) = {ui, Vi, . . . , Vt), and 

(y, ui, v), with y' = (y[, ...,yl), y • = yi/ui, v = (vi, ...,Vt) 

is a part of a system of regular parameters for R'. Choose any 02, ■ ■ ■ , 0s' £ ^n' such 
that (i/'j Ml, 0, t'), with = (02, ■ ■ ■ ,0s')' is ^ system of regular parameters for R' (note 
s — s' — trdegj^.(K(a;'))). Then 

gr„,(it:') = k'[r, c/i, V] = k'[Y;, . . . , y;, c/i, ^i, ... , Vt], 
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where ¥( = in^,{y'^, $j = inm'{(f)i), Vi = inra'{vi) G gr^,{R'). Assume now given 
a standard base / = (/i, . . . , f^) of J which is admissible for {y, {u, v)). 
By definition 

(8.1) Fi{Y) := tnMi) e k[Y] = 1, . . . , m) and 7n^( J) = {F^{Y),..., F^{Y)). 
By Lemma 6.13 (2) we have 

(8.2) Vmifi) = n^u,v){fi) = rii for i = 1, . . . , m. 
Finally we assume 

(8.3) Vraifi) = Vp{fi) for i = 1, . . . , m. 

This assumption is satisfied ii D = x (for trivial reasons) or under the condition (*) of 
Theorem 7.18 (for example if {f,y, {u,v)) is well-prepared). The assumptions imply 

(8.4) f,^J2 y^u^"v^\ Ca,b e r, (A„, A,), A^ e Z|o, A e Z*>o, 

where the sum ranges over Au,Ay,B such that 

(8.5) \B\ + \Au\ > Hi. 

By [HI] Ch. III.2 p. 216 Lemma 6 we have J' = (/{,... , fj with 

(8.6) fl = U/uT = {Ca,b 

xi'^" = u'^^ . . . u'^' for A„ = (ai , . . . , a^) (li^ = Ui/ui). 

This imphes 

(8.7) /j' = F/ mod = vi, Vt) for i = 1, . . . , m, where 

\B\=ni 

so that 

(8.8) ino{f){y',{ui,4>,v)) = F{Y') for i = 1, . . . , m 

For later use, we choose S (resp. 5"), a ring of coefficients of R (resp. R') (cf. (6.5)). We 
also choose a set F C S* of representatives of k (resp. a set F' C S' of representatives of 
k'). We note that the choices for R and R' are independent: We do not demand S G S' 
nor F C F'. 

(end of Setup B). 
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Wc want to compare the properties of {f,y,{u,v)) (downstairs) and {f',y',{ui,(l),v)) 
(upstairs), especially some properties of the polyhedra and initial forms. 

Let e — s + t and e' — s' + t. For a semi-positive linear form L on M*^ (downstairs) 
(resp. on M*^ (upstairs)), Vl and inil*) denote the L- valuation of R (resp. R') and the 
corresponding initial form of * G (resp. * G R') with respect to {y, {u,v),T) (resp. 
{y', («i,0,^;),r)). 

Theorem 8.1 In Setup B, f — [f [,..., f'^) is a {ui,(f),v) -effective basis of J'. If 
ifi, ■ ■ ■ , fm) is a standard base of J, then {f [,..., f^) is a {ui, (f),v)- standard basis of 
J'. More precisely there exists a positive linear form L' on W (upstairs) such that: 

iuL'ifl) = Fi{Y') (1 < i < m) and inL'{J') = {Fi{Y'), F^{Y')). 

First we need to show the following: 

Lemma 8.2 Let the assumption be as in Setup B. Choose d> 1 and consider the linear 
forms on and : 

1 * 
L{A) = -( + a'j) (downstairs) 

l<i<s i<j<t 



A'{A) — (ai + a'j) (upstairs) 

d 1 



i<j<t 

respectively, where A ) with * — s (downstairs) and * — s' (up- 

stairs). Then the following holds for g & R. 

(1) v^>{g) = ^^v,{g). 

(2) Assuming that g' := g/u^ G R' with viig) = n, we have v\r(g') — n. Assuming 
further ini{g) = G{Y) G k[Y], we have in\'{g') = G{Y'). 

Proof Let g E R and write 

A,B 

as in (8.4). Then, in R' we have 

(8.9) g = J2{CA,Bu'^^)y'\[^^^^^%^^, 

A,B 

where the notation is as in (8.6). Note that 

Ca,bu'^-^Q in R>/{y\uuv)^CA,B^^ 
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because Ca,b implies Ca,b e so that Ca,b £ {R') ^ ■ Hence 
VA'{g) = iam\\B\ + ^^\^\^^ I Ca,b 



d-1 

d r, , 1^1 I ^ , ^ d 

min + y I ^ 0| = j—^ VL{g) , 



d-1 



which proves (1) of Lemma 8.2. Next assume viig) = n and g' = g/u^ G R' . Then 

d Ti 
VA'ig') = VA'{g) - VA'iuD = j—^ VL{g) - j—j = n. 



Note that 



'Au\,,'^,,\Au\ + \B\-n^A^ 



A,B 



ir.1 1^1 ir.1 \A\ + \B\-n 

\B\ + ^^n <^ \B\ + ' ' ' = n. 

a a — 1 

Therefore, with (8.9) we see 

Ml 

iriLig) e k[Y] <(=^ Ca,b = if \B\ + ^ and \B\ < n 



d 

\A\ + \B\-n 
d-1 



u'^- Ca,b = if \B\ + ^, — - = n and \B\ < n 
inAg') e k'[Y']. 



(Note that the last imphcation is independent of the choice of a representative V of k' .) 
Moreover, if these conditions hold, we have 

inL{g)= J] C^y^ and in^'ig') = Yl ^ 

\B\=VLig) \B\=VLi9) 

This completes the proof of Lemma 8.2. □ 

Proof of Theorem 8.1 By (8.1) and Lemma 7.4 we have S :— 5{f,y,{u,v)) > 1. 
Choose d with 1 < d < 5, and consider the linear forms L on (downstairs) and A' on 
W' (upstairs) on M as in Lemma 8.2. As for the desired positive linear form in Theorem 
8.1, we take 

^ a.j + ^ a'- 

L {A) = j—^ — ^ (upstairs) {A = ((ai)i<i<^/, {aj)i<i<t). 

By Lemma 6.6(3) and Proposition 6.11, we have viifi) — Vmifi) — fii and 

(8.10) inL{U)=inMi) = Hy). In^J) = {Fi{Y) , . . . , F^{Y)) . 
Clearly L' > A', so that by Proposition 6.11 it suffices to show 

(8.11) mA'(/;) = Fi{Y') and 7^a'( J) = {Fi{Y'), Fm{Y')). 
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(A' satisfies the condition v\/{ch.ai(k')) > in the proposition since char(A;') = char(A;) e 
mi?' = (uijv)). The first part follows from (8.10) and Lemma 8.2 (2) To show the second 
part, choose any g' e J'. Take an integer N > such that g := g' e J. By (8.10), 
Proposition 6.11 implies that there exist Ai, . . . , G -R such that, 

(8.12) v,{KU) > v,{g) 

(8.13) VL{\fi)>VL{g), 

(8.14) VLig-YlXifi):>N. 

i 

where p — {y, u) — (yi, . . . ,yr,ui, . . . , Ug). Here we used the fact that Vp — vl^ with 
Lp(^) = ^ aj (downstairs) (^ = ((ai)i<i<s> («j)i<i<t)- 

l<i<s 

Let Vu^ be the discrete valuation of R! with respect to the ideal {ui) C R' . Because 
pR' = {ui), (8.12) implies 

VuiiK) = Vp{Xi) > Vp{g) -rii^ Vu^{g) -ni>N-ni, 

where = Vp{fi) = ^^(/i) (cf. (8.3)). Therefore 

A^ A,/<-"' e R'. 

We calculate 

^^a'(a:/;) = ^^a'(a,/,k) 

d N 
= J—[M^ifi) - (by Lemma 8.2(1)) 



(8.15) 



(8.14) imphes 



^^A' I g' 



= VK'{g/u^) = v^i{g') (by Lemma 8.2(1)). 

<i<m J \\ l<i<m / J 

\ l<i<m / 



Therefore we may assume 
(8.16) v^, 
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By Lemma 6.4 (2), (8.15) and (8.16) imply 

\l<i<m / i 

where the last sum ranges over all i such that VA'iX'if-) = VA'{g')- This proves the second 
part of (8.11) and the proof of Theorem 8.1 is complete. 

Wc keep the assumptions and notations of Setup B and assume that (/i,---,/m) is a 
standard base of J. So by Theorem 8.1 f = {f[, . . . , /^J is a {ui, (f), f )-standard base of 
J' = JR! . Then Corollary 7.26 assures that we can form a standard base of J' from /' by 
preparation if (mi,0, f) is admissible for J'. Hence the following result is important. 

Theorem 8.3 Let k' = k{x'). If x' is very near to x (cf. Definition 2.13), there exist 
linear forms Li{Ui,V), Lr{Ui,V) E k'[Ui,V] such that 

IDir{R'/J') = {Y; + L,{Ui, V),...X + Lr{Ui, V)) C gr„,(i?') = k'[Y, U^, V]. 

In particular (wi, 0, v) is admissible for J' . 

Let K/k' be a field extension. Consider the following map 

^ : K[Y] ^ K[Y'] ^ K[Y', $] = gr„,(i?')x/(f/i, V), 

where the first isomorphism maps Y^ to F/ for i = 1, . . . , r. Recall that 

IDir{R/J) ^{Y^,..., Yr) C gr„(i?) = k[Y, U, V], 

so that 

IDiT{R/J)fl:^IDir{R/J)/Kngrl{R)K(Z ^K-Y^ G K[Y]. 

l<i<r 

Theorem 8.3 is an immediate consequence of the following more general result. 
Theorem 8.4 Assume that x' is near to x. Then we have 

V^(/Dir(i?/J)J'^) C mn{R!/J')/K mod (C/i, V) m gr^,(i?')i^/(t/i, V). 
If e{R/ J) = e{R/ J)k, we have 

IT>u{R!/J'),K D {Yi + Li(C/i, V),...X + LriUi, V)) 
for some linear forms Li{Ui, V), . . . , Lr{Ui, V) e K[Ui, V]. 
For the proof, we need the following. 

Proposition 8.5 // x' is near to x, there exist hij e R' for 1 < j < i < m such that 
setting 

9i = /i -^hijf-, 
we have the following for i = 1, . . . ,m: 

(8.17) Vrn'{gi)^ni, and in^i{gi) = Fi{Y') mod (C/i, V^) m gr^,(i?'). 

In particular, {gi, . . . , gm) is a standard base of J'. 
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Proof First we note that since x' is near to we have 

(8.18) i/*(J') = «^*(J) = (^1,722, . . . ,nm, oo, cx), . . .) (ni < 77.2 < . . . < n™) 

The last assertion of the proposition follows from (8.17) and (8.18) in view of [HI], Ch. 
Ill Lemma 3. Put 

F[^, := a;(j,',„i,0,^,r')(^i(^')) > where a;(j,',„i,0,^,r') : ^ U^, V]] R' 
is the map (6.6) for (y',ui,(f),v) and F' (notations as in Setup B). (8.7) implies 

(8.19) /; = Fl^, + Xi mod (m')"'+^ with G v) for i = 1, . . . , m. 

To prove (8.17), it suffices to show that there are hij E R' ior 1 < j < i, < m such that 
letting Qi be as in the proposition, we have 

(8.20) Vr^^iQi) = m, and - F', ,., e {u^, v) + (m')"*+' C R' . 

Indeed (8.17) follows from (8.20) by replacing the hij with elements of R! sufficiently close 
to them. (8.19) implies 

Vxa'Wi) <ni^ Vm'{Fl^>) for i = 1, . . . , 771. 

(8.18) and Corollary 1.4 imply v^'ifi) — n-i so that one can take gi — f[ for (8.20). Let 
i be the maximal t E {1, . . . , m} for which the following holds. 

(*t) There exist hij e R' ior 1 < j < i < t, such that (8.20) holds for 
9i = fi-H hijf'j with i = 1, . . . , 

We want to show i — m. Suppose i < m. Then Vm'{fe+i) < ^t+i since otherwise (8.20) 
holds for g^j^i — f^_^_^ , which contradicts the maximality of £. This implies 

(8.21) irira'in+i) = ^^m'(A,+i) G (t/i, V) C k'[Y', t/i, $, V]. 
By the assumption we have 

Gr.^inm'{g^) = F,{Y') mod{Ui,V) fori = l,...,l 

Since {Fi, . . . , Fm) C k[Y] is normalized (cf. Definition 1.3), {Gi. . . . . Ge) is normalized 
in gr^/(i?'). Therefore (8.18) and Corollary 1.4 imply that there exist Hi G gr^,{R') 
homogeneous of degree i'm'(/i+i) — rii ior i — 1, . . . ,i, such that 

(8.22) mm'(/;+i) = E ^i^^- 

i<i<e 

Setting 

gf+i = fe+i - E Higi with Hi = uj{y>,uu<l>,v,T>){Hi), 

i<i<e 

we have Vm'{gfli) > fmK/i+i)- We claim 

(8.23) g^i - K,,„r e (^i, v) + (m')"^+^+\ 
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which completes the proof. Indeed (8.23) imphes 

If Vm'(g^^i) — n-i+i, (8.20) holds for g^^^^, which contradicts the maximality of £. If 

Vm'{9e+i) < iT-e+i, we apply the same argument to g^^^ instead of f^_^i and find hi, . . . ,h( & 
R' such that setting 

9e+i = 9e+i - ^ higi, we have 
i<i<e 

Vra'igSi) < ^in'(^m) < ne+1 and gf^ - F^^^^r' e (^^i, v) + (m')"^+^+^ 

Repeating the process, we get gg^i for which (8.20) holds, which contradicts the maxi- 
mahty of £. We now show claim (8.23). Noting 

- ^n,,„r', 9^ - e v) + (m')"»+^ (^ = 1, . . . , ^), 

it suffices to show 

l<i<i 

For i = 1, . . . , £, write Hi = Hr + H+, where Hf g k'[Y', $] and H+ e {Ui, V) and both 
are homogeneous of degree Vm'(/i+i) — n-i. Similarly we write Gi — Fi{Y') + with 
G+ e {Ui,V). Then (8.21) and (8.22) imply 

J2 H-F,{Y') = 0. 

i<i<e 

Let = (^{y',ui,(i>,v,r'){H^)- Noting char(/i;) e mi?' = {ui,v), property (6.7) implies 

\<i<i 

which shows the desired assertion. □ 

Proof of Theorem 8.4 The second assertion follows at once from the first one, and we 
show the first. By Proposition 8.5 there exist homogeneous Gi, . . . , Gm £ &m'{^') ^^^h 
that 

Gj = F;:^Fj{Y') mod(C/i,y) forallj = l,...,m, 
Inm'iJ')K = (Gi, ...,Gm) C gT^,{R') = K[Y' , Ui, V]. 

Let W = mu{R'/J') /j^ ngr}^,(i?'), then there exist Hi, . . . , e K[W'] nln^\J')K such 
that 

Gi — hijHj for some homogeneous hij e gr^,(i?'). 

l<j<n 

On the other hand, (8.24) imphes 

Hi = 9i,jGj for some homogeneous gij e gr^,{R'). 
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Regarding everything mod {Ui, V), we get 

The second equahty imphes 

Hie K^] r\{F[,...,F^) ^ K\Y\^ where W'^iy' mod(C/i,y), 
so that the first equahty imphes 

(8.25) n {F[, ...,F'J). K[Y', = (F,', . . . , F^). 

Since = /Dir(i?/ J) jk n grj^(i?) is the minimal subspace of i^T • Fj such that 

l<i<r 

{K[W] n . . . , Fm{Y))) ■ K[Y] = . . . , 

(8.25) imphes ■0(1^) C VF', which is the desired assertion. □ 

We conclude this section with the following useful criteria for the nearness and the very 
nearness of x' and x. We keep the assumptions and notations of Setup B. 

Theorem 8.6 (1) If 6{f',y',{ui,(f),v)) > 1, x' is near to x. The converse holds if 
(/', y\ (til, 0, v)) is prepared at any vertex lying in {A e +*| 1^41 < 1}. 

(2) Assume ex{X) = ex{X)K{x')- If 5{f' lU' ■i{uii()),v)) > 1, x' is very near to x. The 
converse holds under the same assumption as in (1). 

Proof Write k' = k{x'). Assume 5(/', |/', (mi, 0, w)) > 1. By Lemma 7.4 (1) and (8.8), 
'^m'ifi) — TT'i a-nd we can write 

inM-FiY')+ 5^ F'''PB(t/i,*,l^), PB{Ui,^,V)ek'[Ui,^,V]. 

\B\<ni 

Put I = {in^>{f[), irirn'if^)) C gr„,(i?')- We have 

iy*iJ)>iy%J') = u*{In^,{J'))>u*{I), 

where the first inequality follows from Theorem 2.10 and the last from [HI] Lemma Ch.II 
Lemma 3. By the assumption {Fi{Y) , . . . , F„,,{Y)) is weakly normalized (cf. Definition 
1.3), which implies that {in^i {f [),... jin^'ifm)) weakly normalized so that z^*(/) = 
i/*(J). Therefore we get i'*{J) — i^*{J') and x' is near to x. We also get i'*{Inm'{J')) ~ 
i/*(/), which implies Inm'iJ') — I loc.cit.. Now assume x' is near to x. Let g — 
{gi, . . . , gm) be as in Proposition 8.5. By (8.17) we have 5{g^ y', {ui, (f), v)) > 1. We claim 
that g is a (-Ui, 0, f )-standard basis of J'. Indeed /' is a (-Ui, 0, f )-standard basis of J' by 
Theorem 8.1, so the claim foUows from the fact that mo(/') = iriQ^g) by using Corollary 
6.10. By the claim A(J', (mi,^, v)) C A{g,y', (mi,0, v)) so that there exists no vertex w 
of A( J', (til, 0, !>)) such that \w\ < 1. If A(/', y', (ui, 0, t;)) is prepared at any vertex w 
with \w\ < 1, we obtain 5{f',y', {ui,(f),v)) > 1 from Theorem 7.16. 
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Assume 5{f',y', {ui,(j),v)) > 1. By Lemma 7.4 (1) and (8.8), m„v'(//) = F{Y') so that 
(8.26) trim'iJ') =1= {F,{Y'), F^{Y')). 

By the assumed equahty e^(X) = e^(X)fc/, we have /Dir/;/(i?/ J) = {Yi, . . . ,Yr) (cf. Re- 
mark 1.21). Since Inm{J) = {Fi{Y), F^{Y)), this imphes IDiT{R'/J') = (F/, . . . , F/) 
by (8.26) so that x' is very near to x. Finally assume x' very near to x. By Theorem 8.1, 
/' is (mi, 0, t')-standard basis of J'. By Theorem 8.3, {ui,4>,v) is admissible for J'. Thus 
Corollary 7.17 implies 5{f',y', {ui,(f),v)) > 1. This completes the proof of Theorem 8.6. 
□ 

Remark 8.7 By the above theorem it is important to compute 6{f',y',{ui,(j),v)) from 
A{f,y,{u,v)). It is also important to see if the well-preparedness of A{f,y,{u,v)) im- 
plies that of A{f',y', {ui,(j),v)). These issues are discussed later in this paper in various 
situations (e.g., see Lemma 9.3). 



106 



9 Fundamental sequences of 5-permissible blowups 

and ex{X) = 1 

In this section we prove the Key Theorem 5.34 in §5, by deducing it from a stronger 
result, Theorem 9.2 below. First we introduce a basic setup. 

Setup C: Let Z be an excellent regular scheme, let X C Z be a closed subscheme and 
take a point x E X. Let R — Oz,x with maximal ideal m and residue field k — R/m — 
k{x), and write X Xz Spec(it!) = Spec(i?/J) with an ideal J C m. Define the integers 
ni < n2 < ■ ■ ■ < riN by 

i'*{X, Z) = v*{J) = (ni, . . . , ^AT, oo, oo, . . . ). 

We also assume given a simple normal crossing boundary B on Z and a history function 
O : X — > {subsets of B} for B on X (Definition 3.6). Note that B may be empty. 

We introduce some notations. 

Definition 9.1 (1) prelabel of {X, Z) at x is 

(/, 2/, m) = (/i . . . , /jv, 2/1, • • • , Vr, Ml, • • • , Me), 

where {y, u) is a system of regular parameters of R such that (u) is admissible for 
J (cf. Definition 6.1) and f is a (u) -standard base of J. By Lemma 6.13 we have 
n{u) {ft) = Hi for i = 1, . . . ,N and 

InM) = {F,{Y),..., F^{Y)) with F,{Y) = in^{f,) e k[Y] 

where k\Y] = k\Yi . . . , i;] C gr^(-R) with Yi = inmiVi) e gi"m(-R)- 

(2) A prelabel {f,y,u) is a label of{X,Z) at x if5{f,y,u) > 1. By Corollary 7.17, this 
means that {y, u) is strictly admissible for J and f is a standard base of J which is 
admissible for {y,u). In this case we have 

Vmifi)=n^ and irimifi) = ino{fi) for i ^ 1, . . . , N, 
(ri,...,i;) = /Dir(i?/J) Cgrji?), 

(3) A label {f,{y,u)) is well-prepared (resp. totally prepared) if so is {f,y,u) in the 
sense of Definition 7.15 (resp. Remark 7.25). By Theorem 7.16, for a well-prepared 
label {f,y,u), we have A{J,u) — A{f,y,u). 

For each B e B choose an element Ib ^ R such that B Xz Spec(i?) = Spec{R/ (Ib))- For 
a positive hnear form L : — > R let Sl{Ib: y, u) be as in Definition 7.2 (3). Writing 

(9.1) Yl "^^^ + Yl ^^^^ + 9 (ai, bAeR^'U {0}), 

l<i<r ^^^>o 

where g G {yi, . . . , yr)'^, we have 

hih, y, u) = mm{L{A) \ bA ^ m}. 
It is easy to see that dL{lB,y,u) depends only on B and not on the choice oUb- We define 
5^(y,u) — mm{5L(lB,y,u) \ B irreducible component of 0(x)}. 
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Theorem 9.2 Assume char(K(a;)) = or char(fi:(a;)) > dim(X), and assume there is 
a fundamental sequence of length > m starting with {X,Bx,0) and x as in (5.10) of 
Definition 5.33, where m > 1. Let {f,y,u) be a label of {X,Z) at x. In case ex{X) > 
e^{X), assume that u = . . . , Ue) (e = e^iX) ) satisfies the following condition: 

There exist Bj e 0{x) for 2 < j < s := e^(X) - e^(X) + 1 such that 

Bj XzSpec{R) ^Spec{R/{uj)) and Dir^(X) = Dir^(X) n n T^iBj). 

2<j<s 

Assume further (/, y, u) is prepared along the faces El^ for all q — 0,1, ... ,m — 1, where 

s 

Lq : W ^ R ; A ^ (ai, . . . , Qe) ^ \A\ + q ■ ^aj. 

Then we have 

(9.2) 6L^{f,y,u) > q + 1 and 5L^{y,u)>q + l for q = 1, . . . ,m - 1. 

First we show how to deduce Theorem 5.34 from Theorem 9.2. It suffices to show that 
under the assumption of 5.34, there is no infinite fundamental sequence of i3x-permissible 
blowups over x. Assume the contrary. As in (6.3) write 

(9.3) fi^Yl ^''^'B ^^^"^ ^^'^.^ ^ ^ -fO} ■ 

(A,B) 

Write \A\i — X^^=2 % ^ — (^i' . . . , Og). By Definition 7.2 (3), we have 

(^l„(/,2/,m) >g+l^ l^l + gl^li > {q+l){ni-\B\) ii \B\ Km, Ci,A,B ^ 

^ \B\ + \A\i>ni- ~ if \B\ < m, Ci,A,B ^ . 

g + 1 

Hence by (9.2) and the assumption we have the last statement for all g G N, which 
implies \B\ + \A\i > Ui for all A and B such that Cj,A,_B 7^ in (9.3). Setting q = 
(yi, . . . ,yr,U2, ■ ■ . , Us) G Spec(i?), this implies J C q and f q(/i) = Ui = Vmifi) for all i. 
By Theorems 2.2 (iv) and 2.3 we conclude Hx{uj) = Hx{x), where u; E X is the image 
of q G Spec(i?). By a similar argument, the second part of (9.2) implies a; G -B for all 
B G 0{x) so that Hx{ijj) — Hx{x). This contradicts the assumption of Theorem 5.34 
since dim(i?/q) = e — s + 1 = e^{X). This completes the proof of Theorem 5.34. □ 

Now we prepare for the proof of Theorem 9.2. Consider 

TT : Z' = 54(Z) -^Z and tt : X' = S4(X) ^ X. 

By Theorem 2.14, any point of X' near to x is contained in P(Dir^.(X)) C X' . We now take 
a label (/, y, u) of {X, Z) at x as in Definition 9.1 (2). By (6.2) we have the identification 
determined by {u): 

(9.4) : P(Dir,(X)) = Proj(A;[r]) = {m = k[T^, T,]) 
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Let = (1 : : • • • : 0) e P(Dir^(X)). If x' is near to x, Theorems 2.10 and 2.13 imply 

vl, {X\ Z') = vl (X, Z) and e^, {X') < e. 

Let R' = Oz',x' with maximal ideal m', and let J' C R' be the ideal defining X' C Z'. 
Note that 

P(Dir^(X)) xz' Spec(i?') = Spec{R' / {m)) , 

and denote 

y' = iy[, . . .,yl), u' = K, • • • ,<), /' = (/(,•••, In) , 

where y'- = yi/ui, u'- = ui/ui, f[ = fi/ui'. As is seen in Setup B in §8, {y\ui,u') is 
a system of regular parameters of R' and J' = (/(,..., /^) and R' is the localization of 

] at {y',ui,u'). We will use the usual identifications 

Moreover we will consider the maps: 

e 

: ^ ; (oi, os, . . . , Og) ^ - 1, 02, ... , Oe), 

i=l 

e 

$ : R*" ^ R*" ; (oi, 02, . . . , Oe) 1-^ Oj, 02, ... , Oe). 

A semi-positive linear from L : R^ — > R is called monic if L(l, 0, . . . , 0) = 1. 

Lemma 9.3 (1) A{f',y', {ui,u')) is the minimal F-subset containing "if {A{f , y , u)) . 

(2) For any monic semi-positive linear form L : R*^ — R and L = L o we have 

h{f, y', {ui, u')) = (5lo$(/, y,u)-l, 

UT ■ inEdfl){y',iui,u')) = inE~^ifi)iy,n)^Y=U,Y',U,=U,Ul (2<i<e) ' 
inE-{fi){y,u) = ■ i'^EL{fi){y' ,{ui,u'))\Y'=Y/Ui,U[=Ui/Ui {2<i<e) " 

If (/, y, u) is prepared along E-^, then (/', y', (wi, u')) is prepared along E^. 

(3) Assume {f,y,u) prepared along Ej^^ with Lq = Lq o $. Then {f',y',{ui,u')) is 
5-prepared and x' is near (resp. very near) if and only if Si^{f,y,u) > 2 (resp. 
hoif^y^'^) > V- Vif^y^u) is totally prepared, so is {f',y', {ui,u')). 

(4) Assume x' very near to x. Then {f',y', {ui,u')) is a prelahel of (X', Z') at x' . As- 
sume further {f,y,u) prepared along Ei^ (resp. totally prepared) , then{f',y',{ui,u')) 
is a 5-prepared (resp. totally prepared) label of {X',Z') at x' . 

Proof From (9.3) we compute 

(9.5) /; = = ^^.^.^ (yO^^'-'^l^'^^'^'-'^ 

{A,B) 
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u'^ — v!^^ ■ ■ ■ u'J^" for A — (Oi, 02, ... , Oe). 

(1) follows at once from this. For a semi-positive linear form L : — > R, we have 



L{\A\ 


+ 


\B\ 


- ni, 


02, ... , Oe) 


rii - 


\B\ 





SL{f',y', {ui,u')) = min{ , p, | \B\ < m, Ci^A,B ^ 0} 

.Lo$(A) 



- 1 I 1-^1 < Ci^A.B 7^ 0} 

Ui - LB 



From (9.5), we compute 



B,A 



where the sum ranges over such A< B that \B\ < Ui and L o = 5Lo<i>{ni — (2) 
follows easily from this. (3) follows from (2) and Theorem 8.6. The first assertion of (4) 
follows from Theorem 8.1 and Theorem 8.3. The other assertion of (4) follows from (3) 
and Corollary 7.17. □ 

We now consider 

C := P(Dir^(X)) C P(Dir,(X)) = Proj(A;[ri, ...,%]) Q X' . 

Let 77' be the generic point of C", and let 

t:^e^{X) and s = e-t + l. 

We assume i > 1 so that 1 < s < e. By making a suitable choice of the coordinate 
{u) — {ui, . . . , Ue)i we may assume: 

(9.6) there exists Bj G 0{x) for 2 < j < s such that 

Bj Xz Spec(i?) = Spec(i?/(ii,)) and Dir^(X) = Dir^(X) n n T^{Bj). 

2<j<s 

Then 

C Xz Spec(i?) = Spec(i?7p') with p' = {y', m, 4, ...,<). 

Note 5f^(^r)')/k '■— trdeg)i.(«;(r7')) —t — 1. By Theorems 2.13 and 2.6, if 77' is near x, we have 
e,j'(X') < e — Sfi(^r]')/k = s- It also implies that C C X' is permissible by Theorems 1.34 
and 2.3. By Theorem 3.17, if rj' is very near x, we have e^,{X') < e^{X) — = 1. 

Write i?^, = Ox',ri and let m'^, be its maximal ideal and J^, = J'R'^,. Note that i?^, is the 
localization of R' at p' and (y', Mi, u'^, . . . , u'^) is a system of regular parameters of R'^,. 

Lemma 9.4 Let A{f', y', {ui, U2, . . . , u'^)) be the characteristic polyhedron for J'^, C R'^,. 

(1) A{f',y',{ui,u'2,...,u'^)) is the minimal F -subset containing i: ■ "if {A{f,y,u)), where 
^' is as in Lemma 9.3 and 

TT : R*" ^ R* ; A = (oi, 02, ... , Oe) ^ (oi, 02, ... , O5). 
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For any monic semi-positive linear form L : — > we have 

^Lif, y', (ui, U2, O) = SLono^if, y, u) - 1. 

In particular, 

S(f,y',(ui,U2,...,u'^)) ^5L,(f,y,u) - 1, 
Li : R^ ^ R ; A^\A\+ ^ a^. 

2<i<s 

(^) If if: y, u) is prepared along the face El^ of A(/, y, u), then (/', y', {ui, u'^, . . . , <)) 
is 5-prepared. If (/, y, u) is totally prepared, so is (/', y', {ui, U2, . . . , Ug)). 

(3) Assume {f,y,u) is prepared along the face El^ ofA{f,y,u). Thenrj is near x if and 
only ifSiAf: y, u) > 2. if this holds, we have Vrr^{fl) = ^ riifor i ^ 1, . . . , N . 

(4) Assume {f,y,u) is prepared along the face El^ of A{f,y,u). Then rj is very near 
X if and only if 5L^{f,y,u) > 2. if this holds, then {f , {y' , {ui,U2, . . . ,u'g))) is a 
S -prepared label of {X', Z') at 77. 

Proof (1) and (2) follows from Lemma 9.3 and Theorem 7.27 applied to {f',y', {ui,u')) 
and p' = u'2, . . . , u'g) and (9.5) in place of (/, y, u) and = (-Ui, ^2 • • • ! Ug) and (7.5). 
We need to check the conditions (PO) and (P2) as well as Theorem 7.27 (3)(i) and [it) for 
the replacement. (-P0) holds since k = R/m ^ R' / (ui). In view of the presentation (9.5), 
(P2) holds by the fact that for fixed B and a e Z, there are only finitely many A e Z>q 
such that \A\ + \B\ —rii — a. Theorem 7.27 (3)(i) is a consequence of the assumption that 
{f,y,u) is a label of (X, Z) at x (cf. Definition 9.1 (2)). Finally Theorem 7.27 (3)(ii) 
follows from Lemma (9.3) (2). (3) and (4) are consequences of (2) and Theorems 8.6 and 
8.1 and 8.3 and Lemma 7.4. This completes the proof of Lemma 9.4. □ 

Proof of Theorem 9.2. Write Zi = Z', Xi = X', Ci = C and assume % : Z' ^ Z 
extends to a sequence (5.10). Let (/, u) be a label of (X, Z) at x. For 1 < g < m, write 
R^^ = Ozq^nq with the maximal ideal m^^, and let J^^ C Rn^ be the ideal defining Xq C Zq 
at riq. Write 

/i'^ = f^/uT\ y'f^ = y^/ul, = U,/Ul {2 < t < s), u[ = U,/u, {s + 1 < Z < c) . 

Claim 9.5 Let {f,y,u) be a label of {X,Z) at x prepared along the faces El^ for all 
q = 1, . . . ,m — 1. Then, for q = 1, . . . ,m, i?^^ is the localization of 

Riyl'K yi'^\u^^\ ui'^), ...,<] at . . . , yi^\ u„ . . . , u^J'^), 

and Jrfq — {fi^\ ■ ■ ■ , fN^), and (/'■^\ y^'^\ {ui, U2 \ ■ ■ ■ , ui^^)) is 5-prepared and 

5{f^^\y^'^\ («i, uf,..., ui^y)) = 6L^{f, y, u) - q. 

For q < m — 1, {f^'^\y^'^\ {ui, U2 \ ■ ■ ■ , ui"^^)) is a 5-prepared label of {Xq, Zq) at rjq. 

Proof For q = 1 the claim follows from Lemma 9.4. For g > 1, by induction it follows 
from loc.cit. applied to 

Spec(e)x,_i,^,_J ^ Xq Xx,_, Spec(Ox„_i,^<,_J 

and {f^'^-^\y^'^-^\ (Ml, u''2'~^\ u'f'^^)) in place oi X ^ Xi and (/, y, u) (note that the 
condition (9.6) is satisfied for Spec(Cxg_i,»7g_i) by Lemma 9.4 (5)). □ 
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Recalling that 1]^ is very near to i]q_i for 1 < g < m — 1 (?7o = a; by convention), we get 
^Lgif, y,u) — q > 1 by Theorem 8.6 and Claim 9.5. It remains to show S2^{y, u) > q + 1. 
For this we rewrite (9.1) in i?^^ as follows: 

(9.7) iB^uij2<^iyi'^+ E Pc-u'i{u^^^r.--{u<f^r +^l'9', 

l<i<r C=(c,a2,...,a^)eZ|o 

where g' = g/u^i G {y^\ . . . , y'f^) and 

n(A)=c 

for the map Q : — > ; A — (ai, . . . , Cg) — > {Lq^i{A), 02, ... , Os). We easily see 

P(j e xxir,^ = {y^''\ ui,u''2^\ u'f'^) ^ bAem for all A such that Q{A) = C , 

by noting that R — i?^_^/m^g factors through R ^ k = R/m and k[u'g_^_i, . . . ,u'g] ^ >^{Vg)- 
The strict transform Bg of B in Spec(i?^g) is defined by 

I'b^^b/uI with 7 = t;(„^)(ZB), 

where u^^j) is the valuation of i?,,^ defined by the ideal {ui) C i?T/q- From (9.7), we see 

I'b ^ tn^g Pc ^ ^»79 and c < g for some C = (c, 0, . . . , 0) G Z>o 
6a ^ m and \A\ < q for some A = (c', 0, . . . , 0) e Z>o- 

For A e Z|o - {0}, we have 

Lg{A) = \A\+ Yaj>q+1^ (aa, . . . , a^) 7^ (0, . . . , 0) or |A| > g + 1. 

2<j<s 

Hence we get 

^'b ^ ^v, H^) < g + 1 for some A e Z%q - {0}. <^ SLg{lB,y,u) <q + l. 

It implies 52^{y,u) — min{S{lB,y,u) \ B e 0{x)} > q + 1 since rjg E Bg ior q < m — 1 
by the assumption. This shows the desired assertion and the proof of Theorem 9.2 is 
complete. 

Corollary 9.6 Let {f,y,u) be a 5-prepared label of{X,Z) atx. Assume ex{X) — e^{X) 
(for example B — 0). 

(1) For the sequence in Definition 5.33 we have m < 5{f,y,u) <m + l. 

(2) For the sequence in Definition 5.36 we have m < 6{f, y,u) < m + 1. 

Proof First we show (1). By Claim 9.5 in case s = 1 and Lg = Lq together with Theorem 
8.6 and by the assumption that r]m-i is very near to r]m-2 and r]m is not very near to ?7m-i, 
we have 

5{f^^-'\y^^-'\u,) = S{f,y,u) - (m - 1) > 1, S{f<"^\y^"^\u,) = S{f,y,u) - m < 1 
(2) is shown by similar arguments and the details are left to the readers. □ 
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10 Additional invariants in the case ex{X) = 2 



In order to show key Theorem 5.38 in §5, we introduce new invariants for singularities, 
which were defined by Hironaka ([H6]). The definition works for any dimension, as long 
as the directrix is 2-dimensional. 

Definition 10.1 For a polyhedron A C R>o we define 



«(A) 


= inf {vi 


{vi,V2) e A} 


m) 


= inf {v2 


(a(A),t;2)GA} 


6{A) 


= inf {ui - 


\-V2 1 {Vi,V2) e A} 


7+ (A) 


= sup {V2 


1 {S{A)-V2,V2) e A} 


7-(A) 


= inf {v2 


{5{A)-V2,V2) e A} 


6(A) 


= inf {v2 


{vi,v2) e A} 


C(A) 


= inf {vi 


{vue{A))eA} 



The picture is as follows: 




There are three vertices of A(/, y, u) which play crucial roles: 



V := v(A) 
w+ := w+(A) 
w~ := w~(A) 



-MA),P{A)), 

=(5(A)-7+(A),7+(A)), 
=(<5(A)-7-(A),7-(A)). 



We have 
(10.1) 



/3(A) > 7+(A) > 7-(A) . 
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Now let us consider the situation of Setup C in §9 and assume e^iX) = 2. 

Let (/, y, u) = (/i, . . . , /at, yi, . . . , yr, Ui, U2) be a prelabel of {X, Z) at x. Recall n{u) {fi) = 

Hi for i = 1, N. Write as (6.3): 

fi^Yl ^""^"^ ' with A = (ai, a2), B^{bi,...,br), Ci,A,B e i?^ U {0}. 



For * — a, (3, 5, 7=*=, v, w='=, we write *{f,y,u) for *(A(f,y,u)). Then we see 



P(f,y,u 
S{f,y,u 
i^if,y,u 
Tif,y,u 
^{f,y,u 



inf < 




- \B\ 


inf < 




m 1 R 1 

^rii — \±}\ 


inf < 




.n^-\B\ 


sup 


f a2 


\ni-\B\ 


inf < 


a2 


^rii - \B\ 


inf < 


0.2 


^rii - \B\ 


V := 


^{f,y,u) 


:= '^^{f,y,u) 


■■= w-(/,|/,'u) 



l<i <m, Ci^A,B 7^ 

1 < z <m, — — = 

Ui - \B\ 

1 <i <m, Ci^A,B 7^ 



Cx{f,y,u), Ci^A,B ^ 



I 1 < i < m, 
1 < i < m, 





A 




rii 




B\ 





A 




Hi 




B\ 



= 5, Ci,A,B 7^ 
= Ci A,B 7^ 



1 < i < m, Ci,A,B 7^ 



Definition 10.2 (1) A prelabel {f,y,u) (cf. Definition 9.1) is \ -prepared if {f,y,u) is 
prepared at v(/, y, u). 

(2) We say that {X, Z) is \ -admissible at x if there exists a w -prepared prelabel (/, y, u) 
of {X,Z) at X. By Theorem 7.24, i^^^) ^■s y-admissible at x if R = Oz,x is 
complete. 

We now extend the above definition to the situation where the old components of ;B at x 
are taken into account. We assume 



:io.2) 



Spec{R/{u)) t B for any B e OB{x). 



Definition 10.3 Let {y, u) be a system of regular parameters of R such that (u) is ad- 
missible for J. 

(1) For each B e 0{x), choose Ib e R such that B = Spec{R/{lB)) C Z = Spec(i?). 
(10.2) implies Ib ^ (u) so that A{lB,y,u) is well-defined (cf. Definition 7.2). We 
define 

APiy,u)= the minimal F- sub set containg U A(/b,|/,m). 

BeO{x) 

It is easy to see that A'^{y,u) is independent of the choice of Ib- For a prelabel 
if: y, u) of {X, Z) at X, let 



AP{f, y, u) — the minimal F -subset containg A(/, y, u) U A^(y, u), 



Oi 
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*^{f, y, u) = y, u)) for * = V, a, /3, 7^, . . . . 

Note that 

(10.3) A^(/, y, u) = A(/^, y, u) where f = (/, Ib {B e 0{x))). 

(2) Assume that {X,Z) is v-admissible at x. Then we define 

(3^{X,Z) = (3''{J) := min {/5^(/,|/,M)| {f,y,u) is w -prepared} . 

(3) A prelabel (/, y, u) of (X, Z) at x is called 0-admissihle if (/, u) is \-prepared and 
P^{X, Z) = y, u). Such a prelabel exists if and only if (X, Z) is \ -admissible. 

By Lemma 7.6 and Lemma 6.13 (2), for v-prepared {f,y,u) we have 
(10.4) ;30(/,^,«)e^Z>oC]R, 

Lemma 10.4 (1) Let (f.y. u) be a v-prepared prelable of {X,Z) at x. Then, for a 
preparation {f,y,u) {g,z,u) at a vertex v e A{f,y,u), we have (3^{f,y,u) — 

(2) Assume that (X, Z) is \ -admissible at x. For any integer m > 1, there exists an S- 
prepared and O- admissible label {f,y,u) of{X,Z) atx. Moreover, if R is complete, 
one can make (/, y, u) totally prepared. 

Proof (2) is a consequence of (1) in view of Corollary 7.17. We prove (1). Setting 

v^(l/, u) = v(A^(|/, u)) = (a^(y, u),p''iy, u)), 

we have 

v°(y, u) if a^(y, u) < a(f, y, u) 



[10.5) v^(/, y, u) = (a°(/, y, «), /3^(/, y, u)) 



v(/, y, u) if a"{y, u) > a{f, y, u). 



By the v-preparedness of (/, y, u), any vertex v e A(/, y, u) which is not prepared lies in 
the range {(01,02) G Oi > a{f,y,u)}. Theorem 7.19 implies v'^{f,y,u) — v'^{g,y,u) 
for the normalization (/, y, u) {g, y, u) at such v. Thus it suffices to show v'^(/, y, u) — 
w^[f,z,u) for the dissolution {f,y,u) {f,z,u) at v. Write v = {a,b). By the above 
remark, we have o > a{f,y,u). The dissolution is given by a coordinate transformation: 



y ^ (yi,...,,yr) ^ z ^ (zi,...,Zr) with 2;^ = + AjW>2 (Xi e R) 

Write a = a'^{y,u) for simplicity. For each B G 0{x) choose Ib & R such that B ~ 
Spec{R/{lB)). We may write 

Ib = ^B{y) + u'^(f)B with Aeiy) = CB,i ■ yi {cB,i, (f>B G R) 

l<i<r 

and 7^ for some B G 0{x). Then we get 

(10.6) Ib = Ab{z) + u^(j)B + ulipB for some ipB & R 
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In case a — a'^{y,u) < a{f,y,u), (10.5) implies 

v«(/, y, u) = v^(|/, u) = v^{z, u) = v°(/, z, u), 

where the second equahty follows from (10.6) because a > a{f,y,u) > a, and the 
third follows from v{f,y,u) = v{f,z,u) by the v-preparedness of {f,y,u). In case 
a = a'~'{y,u) > a{f,y,u), (10.5) implies 

v°(/, y, u) = v(/, y, u) = v(/, z, u) = v°(/, z, u), 

where the second equality follows from the v-preparedness of (/, y, u). The third equality 
holds since by (10.6), we have a^{z,u) > a > a{f,y,u) if ■0s 7^ for some B e 0{x), 
and a^{z,u) = a> a{f,y,u) if = for all B e 0{x). This completes the proof of 
Lemma 10.4. □ 

Lemma 10.5 Let {f,y,u) be a prelabel of {X,Z) at x. Assume that there is no regular 
closed subscheme D C g X| i^^(C) > H^i^x)} of dimension 1 with x E D. (In 
particular this holds if x is isolated in e X\ H^{^) > H^{x)}.) Then a'-^{f,y,u) < 1 
and e*^(/, y,u) < 1. 

Proof By corollary 7.17, wc prepare {f,y,u) at the vertices in {A G \A\ < 1} to 
get a label {g,z,u) of {X,Z) at x. Then a'-^{g,z,u) > a'-^{f,y,u) since A'-^{g,z,u) C 
A'^{f,y,u). Thus we may replace {f,y,u) with {g,z,u) to assume that / is a standard 
base of J. 

Assume a'^{f,y,u) > 1. Then, letting p = {yi, . . . ,yr,Ui) C R, we have Vp{fj) > Uj 
for j = 1,...,A^ (cf. (7.2)). Since Uj = n(u){fj) > Vmifj) > Vp{fj), this implies 
'^pifj) ~ '^mifj) for j = 1, ■ ■ ■ , N. This implies by Theorems 2.2 (iv) and 2.3 that rj E X 
and Hxij]) = Hx{x), where r] E Z is the point corresponding to p. By the same ar- 
gument we prove Vp{Ib) = 1 = Vm{lB) for B G 0{x) so that Hx{y]) = Hx{x). Thus 
{vj} = Spec(i?/p) is O-permissible, which contradicts the assumption of the lemma. The 
assertion e'^(/, y,u) < 1 is shown in the same way. □ 

Lemma 10.6 Let {y, u) be a system of regular parameters of R which is strictly admissible 
for J. Assume 

(*) e^(X) = dimfc (Dir,(X) n H T,{B)) ^ 2. 

B&0{x) 

Then we have S'-^{y,u) > 1. Assume in addition that 5{f,y,u) > 1 (so that {f,y,u) is a 
label). Then we have S'^{f,y,u) > 1. 

Proof By the assumption on {y,u), we have IDir^^X) = {inm{yi), . . . ,inm{yr))- Hence 
(*) implies 

Ib e (yi, ...,yr)+m^ for S g 0{x). 

We then easily deduce the first assertion of the lemma. The second assertion is an obvious 
consequence of the first. □ 
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11 Proof in the case e^^X) = ex{X) = 2, I: some key 
lemmas 

In this section wc prepare some key lemmas for the proof of Theorem 5.38. 

Let the assumption be those of Setup C in §9. We assume 

• char(K(x)) = or char(K(x)) > dim(X). 

. eO{X)^e,{X)^e,{X)^2. 

We fix a label {f,y,u) of (X, Z) at x and adopt the notations of Definition 9.1 (1) and 
(2). We recall 

FiiY) = znMi) e k[Y] = k[Y,, . . . , Y^] C gr^(i?). (F, = m^(|/,)) 
By Lemma 10.6, the assumption e^(X) = ej;{X) — 2 implies: 

(11.1) 5<'if,y,u)>l. 

It also implies that (10.2) is always satisfied so that A'^{f,y,u) is well-defined. 

For each B e 0{x), we choose Ib ^ R such that B x^Spec(i?) = Spec(i?/ {Ib))- We study 
two cases. 

Case 1 (point blowup): Consider 

TT : Z' = S4(Z) ^ Z and : X' = B^^{X) ^ X. 

Note that x "-^ X is i3-permissible for trivial reasons. Let (i3', O') be the complete 
transform of (i3, O) in Z' (cf. Definition 3.15). In this case we have B' = BU {n~^{x)}, 
where B = {B\ B E B} with S, the strict transform of B in Z' . 

By Theorem 2.14, any point of X' near to x is contained in 

C P(Dir,(X)) C P(r,(Z)) - t:-\x) C Z' . 
Let Ti, T2 be a pair of new variables over k and let 

(11.2) : C = P(Dir(i?/J)) ^ Proj(A;[Ti, T2]) = 
be the isomorphism (6.2) which is determined by {u). 

Take a closed point x' e C near to x. By Theorems 2.10 and 2.13, we have 

vl,{X', Z') = iy*{X, Z) and e^'(X') < 2. 
Put B! — Oz',x' with the maximal ideal m'. Let J' and p' be the ideals of R' such that 

(11.3) X' Xz' Spec(R') = Spec(R'/J') and C Xz> Spec(i?') = Spec(i?7p'). 
Lemma 11.1 Assume ij{u){x') = (1 : 0) G Proj(A;[Ti, Ta]). Let 

y' = {y'l, ■■■,y'r) ^^th y[ = yijux, u'2 = U2IU1, f = (/{,..., f^) with /■ = 
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(1) {y',Ui,u'2) is a system of regular parameters of R' such that p' — {y',Ui), and J' — 
(/i) ■ ■ ■ ) In)- 

(2) If x' is very near to x, then (/', y' , {ui, u'^) is a prelabel of {X', Z') at x' . 

(3) A(/', I/', M2)) is the minimal F- sub set containg {l^{f ^ y ^ u)) , where 

^ : ^ (ai, as) ^ (ai + as - 1, as) 







A (f,y,u) 




A (f ,y',ui ,1^ ) 






























a 


5- 


^ 

-1 



for which all vertices move horizontally. We have 

Pif, y', {u^, u',)) = rif, y, u) < Pif, y, u). 

"(/', y', (ui, U2)) = 6{f, y, u) - 1. 

(4) Uif,y,u) is prepared at w-{f,y,u), then (/', y', Wg)) is v- prepared. If{f,y,u) 
is prepared along the face El, then {f',y', (mijM's)) is S-prepared, where 

L : ^ R ; (oi, 02) ^ Oi + 2a2. 

If{f,y,u) is totally prepared, so is {f',y',{ui,U2)). 

(5) Assume that x' is B-near to x. Putting 1'^ — Ib/ui & R' for B & 0{x), we have 

A^if, y', {u„ 4)) = A(/'°, y, {u,, u',)) with f'° = (/', {B e 0{x))). 

The same assertions as (3) hold replacing A by /SP and * by for * = a, 7", S. 

Proof By Definition 9.1, {y,u) is strictly admissible for J and / is a standard base of 
J which is admissible for {y,u). Hence (1) has been seen in Setup B in §8. (2) follows 
from Theorem 8.1 and Theorem 8.3. (3) and (4) follow from Lemma 9.3. As for (5), the 
assumption implies 0'{x') = {B' \ B e 0{x)} with B', the strict transform of B in Z' 
and we have 

B' Xz' Spec{R') = Spec{R'/{Q) C Spec(i?'). 

This implies the first assertion of (5) by (10.3). The second assertion of (5) then follows 
from the first. □ 
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The following lemma is shown in the same way as the previous lemma except that the 
last assertion of (5) follows from Lemma 10.5. 

Lemma 11.2 Assume = (0 : 1) G Proj(/i;[Ti, T2]) and put 

z' = {z[,..., 4) with zl ^ yi/u2, u[ = Ui/u2, g' = {g[, ■■■,9^) with /■ = Ji/u^'. 

(1) {z' ,u'-^,U2) is a system of regular parameters of R' such that p = {z',U2), and J' — 

(2) If x' is very near to x, then {g', z', {u[, U2)) is a prelabel of {X', Z') at x'. 

(3) A{g' , z' , {u'i,U2)) is the minimal F -subset containg "if {A{f , y , u)) , where 

* : ^ M^, (ai, 02) ^ (ai, ai + 02 - 1) 

We have 

a{g', z', K, U2)) = «(/, y, u). 
P(g', z', K, U2)) < (3(f, y, u) + a(f, y, u) - 1. 

(4 ) If {f, y, u) is prepared at W^{f, y, u), then {g', z', {u'l, U2)) is v-prepared. If (/, y, u) 
is prepared along the face Eli, then {f',y', (1*1,1*2)) is 6-prepared, where 

L' : ^ M ; (oi, Oa) ^ 2ai + 02. 

If {f-i y-i 'is totally prepared, so is {g', z', {u[, 1*2))- 

(5) Assume that x' is B-near to x. Then 

P°{g\ z\ K, ^2)) < y, u) + y, u) - 1. 

If there is no regular closed subscheme D C. e X\ H^ii) > II^{x)} of dimension 
1 with X E D, then a'^{f, y,u) < 1 so that 

(3''{g',z',{m,u',))<(3''{f,y,u). 

Now let ri' be the generic point of C By Theorem 2.13 and Theorem 2.6, if rj' is near 
to X, we have erj/^X') < 1. Write R'^^, = Ox',r]' with the maximal ideal m^,. Note 
{y', Ui) = {y[, ■ ■ ■ ,yr, Ui) is a system of regular parameters of R'^,. 

Lemma 11.3 Let A{f',y',ui) be the characteristic polyhedron for {R'^,, JR'^i). 

(1) A(/', y', ur) = y, u) - 1, 00) C R>o. 

Assume {f,y,u) is 6-prepared. 

(2) A{f',y',ui) is well prepared. 

(3) 77' is near to x if and only if5{f,y,u) > 2. Ifrj' is near to x, we have 

f^m' , (/i ) = Vraifi) = rij for i ^ 1, . . . , N. 
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(4) r]' is very near to x if and only if S{f,y,u) > 2. If rj' is very near to x, then 
(/', (t/', ui)) is a well-prepared label of {X\ Z') at r]'. 

Proof The lemma is a special case of Lemma 9.4. □ 

Case 2 (curve blowup): Let the assumption be as in the beginning of this section. 
Assume given a regular curve C (Z X containing x which is jB-permissible (cf. Definition 
3.5) and such that 

C Xz Spec{R) = Spec(i?/p) with p = {y, ui) = {yi, . . . ,yr, ui). 

By Theorem 2.6, the assumption e^(X) = 2 implies 

(-^) < 1 where rj is the generic point of C. 

Consider 

tt: Z' = Bic{Z) Z and n : X' = B£c{X) X. 

Let {B',0') be the complete transform of {3,01) in Z' (cf. Definition 3.15). In this case 
we have B' = BU {n~^{C)}, where B = {B\ B E B} with B, the strict transform of B in 
Z'. By Theorem 2.14, there is the unique point x' e ti~^{x) possibly near to x, given by 

x' := P(Dir,(X)/r,(C)) C Proj(T,(Z)/T,(C))) = n^^x) C Z' . 

In what follows we assume x' near to x. By Theorems 2.10 and 2.13, we have 

i/*,(X', Z') = u*{X, Z) and e,,(X') < 2. 

Let R' — Oz',x' with the maximal ideal m', and let J' C R' be the ideal such that 

X' Xz' Spec(i?') = Spec(R'/J'). 

As is seen in Setup B in §8, 

(y', u) = (y[, ...,yr, ui, U2) = (yi/ui, yr/ui, Ui, U2) 
is a system of regular parameters of R'. 

Lemma 11.4 (1) If {f,y,u) is v-prepared, then Vp{fi) = vj^fi) = n(„)(/j) and 

J' =(/{,..., A) withfl:^f,/uTeR'. 

(2) If x' is very near to x, then {f',y',u) is a prelabel of [X\ Z') at x' . 

(3) If{f,y,u) is v-prepared (resp. 5 -prepared, resp. totally prepared), so is {f',y',u). 

(4) We have 

A(/', y', u) = *(A(/, y, u)) with * : ^ R\ (oi, 02) ^ (ai - 1, 02), 

P(f',y',u) ^ (3{f,y,u) and a(f',y',u) ^ a(f,y,u) - 1. 

If x' is B-near to x, the same assertions hold replacing A by A'^ and * by for 
* — a, p. 
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Proof The first assertion of (1) follows from Theorem 7.18 and the second from the first 
(cf. Setup B in §8). (2) follows from Theorems 8.1 and 8.3. To show (3) and (4), write, 
as in (6.3): 

(11.4) fi=Yl ^''^'B y^""^ ^'^^ ^^'^'B ^ u -fo} 

(A,B) 

We compute 

(11.5) /; = = Yl ^^AB (y')''^2'^^<+^""-"'^ with A = (ai, a2). 

{A,B) 

This immediately imphes the first assertion of (4). Then (3) is shown in the same way as 
Lemma 9.3 (2). Finally the last assertion of (4) is shown in the same way as Lemma 11.1 
(5). This completes the proof of Lemma 11.4. □ 

Lemma 11.5 Assume that (/, {y,ui)) is a well-prepared label of {X,Z) at f] (note that 
this implies e,,(X) = 1). Let C — Spec(i?Yp') with p' = {y',ui) C R' and let rj' be the 
generic point of C. Then C C X' and r]' is the unique point of X' possibly near to r). If 
rj' is very near to rj, then (/', {y', Ui)) is a well-prepared label of {X', Z') at rj'. 

Proof The first assertion is a direct consequence of Theorem 2.14. The second assertion 
follows from Lemma 9.3 applied to the base change via — > C of the diagram 



c - 




^ Z' 


i 






c - 


^ X ^ 


> Z 



□ 
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12 Proof in the case e^(X) = e^(X) = 2, II: the residu- 
ally rational case 

In this section we prove Theorem 12.6 below, which imphes Key Theorem 5.38 under the 
assumption that the residue fields of the initial points of are separably algebraic over 
that of Xi. The proof is divided into two steps. 

Step 1 (one fundamental unit): Let the assumptions and notations be as in the 
beginning of the previous section. Assume given a fundamental unit of H-permissible 
blowups as in Definition 5.33: 

Bo B, B2 Bm-l Bm 





■1 


< 


u 




u 




-1 


^ 


u 




T 




■1 





r7 „ ^2/7 

— ZiQ * Zii * Z12 < — . . . * 

(12.1) U U U 

V _ V '^^ V -lA 

v\ — y^Q i y^i i y^2 

t U U 

X = Xo Ci ^ C2 ^ ... <■ 

We denoted it by {X,B). For 2 < g < m — 1, let r/g be the generic point of Cg and let 
Xg G Cg be the image of Xm- By definition the following conditions hold: 

• For 1 < q < m, Xg is near to Xg^i and K,(,Ty_i) ~ K,(xq). 

. For 1 < 5 < m - 1, = {e e cj>-\x)\ H^^iO = HO{x)} with cf>g : Xg ^ X. 
. For 1 < 5 < m, HO^ixg) = H^^x) and (X,) = e,^{Xg) = 2. 

• For 1 < g < m - 1, H'^^{'qg) = H^{x). 

. For 1 < g < m - 2, (X,) = e^^(X,) = 1. 

Let Rg — Ozg,xq with the maximal ideal m^, and let Jg and pg be the ideals of Rg such 
that 

(12.2) XgXz^Spec{Rg) =Spec{Rg/Jg) and Cg x z, Spec{Rg) = Spec{Rg/pg). 

Let Rp^ be the localization of Rg at pg and Jp^ = JgRp^. Let Ti,T2 be a pair of new 
variables over k and consider the isomorphism (11.2): 

(12.3) : C-i = P(Dir,(X)) ^ Proj(A;[Ti, T2]) = 

Definition 12.1 (1) A prelabel (resp. label) A of {X,B) is a prelabel (resp. label) 
A = {f,y,u) of {X, Z) at x. When xi is a k-rational point of Ci, the homogeneous 
coordinate of € Proj(A;[Ti, T2]) is called the coordinate of {X,A). 

(2) We say that (A',B) is v-admissible if {X,Z) is v-admissible in the sense of Defini- 
tion 10.2 (2). A prelabel {f,y,u) of {X,B) is 0-admissible if it is O-admissible as 
a prelabel of {X, Z) at x (cf. Definition 10.3 (3)). 

We remark that the coordinate of {X, B; A) depends only on (u), not on (/, y). 
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Lemma 12.2 Let A = {f,y,u) be a label of {X,B) which is ^'-prepared and S-prepared 
and prepared along the face El, where L : ^ M ; (01,02) ai + 2a2- Assume the 
coordinate of {X,B;A) is (1:0). Let 

4 = u,/m, = {y['\ y(^)) (yf ) = y,/ul), /(^) = {fi'^\ /W) {f^^^ = /,/<*). 
For I < q < rn, the following holds: 

(1) (/^^\ {y^'^\ (i^i, '^2))) ^ v-prepared and S-prepared label of {Xg, Zg) at Xg. 

(2) /!sP[f^'^\y^'^\{ui,u'2)) is the minimal F -subset containg ^g(A'^(/, m)), where 

^5:M^^M% (01,02)^(01 + 02-^,02) 

We have 

/3^(/(''), (Ml, «^)) = 7-^(/, t^) < /5^(/, I/, «). 
a«(/('),2/(''),(«i,«'2)) = 5''(/,2/,«)-5. 

("5^ For q < m - 1, pq = {y^'^\ui) = {y'f\ . . . ,yl^\ui) and Vp^{ff ^) = m for i = 
1, . . . , A?". For q < m — 2, {f^'^\y^'^\ui) is a well prepared label of {Xg, Zg) at rjg. 

Proof By Lemma 11.1, {f^^\{y^^\{ui,u'2))) is a label of (Xi,Zi) at xi which is v- 
prepared and 5-prepared. By Lemma 11.3, (/"-^^ (?/^^\ ('^i)'^2))) is a well prepared label 
of {Xi, Zi) at rii if rji is very near to Xi. Then the lemma follows from Lemmas 11.4 and 
11.5, applied to Xg X^+i in place of X X'. □ 

Lemma 12.3 Let A = (/, {y,u)) be a label of {X,B) which is \-prepared and S-prepared 
and prepared along the face E^i, where L' : — > R ; (01,02) — >■ 2oi + 02. Assume the 
coordinate of {X,B;A) is (0:1). Set 

u[ = t.i/K2, z^^^ = {zi'\ . . . , 4'^)) {zl'^^ = y,/ul), g^^^ = {g[''\ g%^) = f./uD. 
For 1 < q < m, the following hold: 

(1) {g^'^\ iz^'^\ {u'i,U2))) is a v-prepared and S-prepared label of {Xg, Zg) at Xg. 

(2) /SP{g^'^\z^'^\{u']^,U2)) is the minimal F- subset containg ^g{/SP{f,y,u)), where 

$5 : R^ ^ R^ (oi, 02) 1-^ (oi, Oi + 02 - q) 

and we have 

a''{g^'^\z^^\{u[,U2))^a''{f,y,u), 

/3^(^(«), {u[, U2)) < /3°(/, y, u) + a''{f, y, u) - q. 

If there is no regular closed subscheme D C. ^ X\ Hx{C) > Hx{x)} of dimension 
1 with X & D, then of'{f, y,u) < 1 so that 

P''{g^'^\z^'^\{u[,U2))<f3''{f,y,u). 

Proof This is shown in the same way as Lemma 12.2 using Lemma 11.2 instead of 11.1. 
□ 
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Proposition 12.4 Assume that {X,B) is w -admissible and k{x) — k{xi). Then, for all 
q — 1, ... ,171, {Xq, Zq) is v-admissible at Xq and 

Pl{Xq,Zq)<P^{X,Z). 

Proof By the assumption we can take an 0-admissible prclabel A = (/, u) of (X, Z), 
and the coordinate of {X , A) is either (1 : 0) or (0 : 1) or (1 : —A) for some X E k. 
Assume we are in the first case. By Lemma 10.4, after preparation we may assume 
that {f,y,u) is prepared along the 5-face and the face El in Lemma 12.2. By Lemmas 
12.2 and 12.3, apphed to Xq ^ Xg^i for q = 1, . . . ,m in place of X X', wc get a 
label Aq := {f^'^\ {y^'^\ {ui, u'2))) of {Xq, Zq) at Xq which is v-prepared and 5-prepared and 
deduce 

</?^(/(<'),y(^),K,4)) =/5°(/«,l/«,(«i,«'2)) 

= T-^^l/, y, u) < /3^{f, y, u) = (3^{X, Z). 

where the first inequality comes from v-preparcdncss of A^. The case that the coordinate 
of {X, A) is (0 : 1) is shown in the same way by using Lemma 12.3 instead of Lemma 12.2. 

Now assume that the coordinate of (A", A) is (1 : —A). Let U2 '■= U2 + 4>ui for some 
(f) E R = Oz,x such that mod m = A. Then (/, y, {ui,U2)) is a prelabel of {X,Z) at 
X and il^{ui,u2){xi) = (1 : 0) e Proj(A;[Ti, T2]) so that the coordinate of {f,y,{ui,U2)) is 
(1 : 0). Hence the proof is reduced to the first case in view of the following lemma. 

Lemma 12.5 Let U2 = U2 + (f)Ui for 4> & R — Oz,x- Then v{f,y,u) — v{f,y, {ui,U2)). 
For V = v{f, y, u) we have 

where U2 = ^^^{"^2) G gr^(i?). Hence, if {f,y,u) is \-prepared, then so is {f,y, {ui,U2)). 
We also have v'-^{f,y,u) = v*^(/, |/, {ui,U2)) and hence if {f,y,u) is O-admissible, then 
so is {f,y, {ui,U2)). . 

Proof We compute 

m=0 

0.2 

m=l 

This implies that the vertices on the line {(01,02)! oi = a{f,y,u)} together with the 
initial forms at it, are not affected by the transformation (/, y, u) — > (/, y, {ui, U2))- Thus 
the first assertion follows. The last assertion is shown by the same argument applied to 
/° instead of / (cf. (10.3)) . □ 

Step 2 (a chain of fundamental units): In this step we consider the following situa- 
tion: Assume given a chain of fundamental units of B-permissible blowups (cf. Definition 
5.37): 

(12.4) {Xo, Bo) ^ {X^, Bi) ^ {X2, 82)^... 
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where each {Xy,By) is as (12.1). For g > 0, let {x^i\ X^i\ Z'^'}\ B^"^) be the initial part of 
{Xq, Bq) and ruq be the length of Xq. Let Rq — Oz(q)^x(i) with the maximal ideal trig and 

X^*^ x^(q) Spec(Rq) — Spec(Rq/ Jq) for an ideal Jq C Rq. 

Theorem 12.6 Assume that for all q >0, k,{x^'^^) is separably algebraic over k,{x^^^) and 
the following condition holds: 

(a) There is no regular closed subscheme 

of dimension 1 with x^'^^ e D. 

(Note that this holds if x^i'^ is isolated in e //^(,)(0 > H^wi^^''^)}-) Then the 
sequence (12.4) stops after finitely many steps. 

Proof By Lemmas 1.29 and 1.37, it suffices to show the claim after replacing each 
Xq by its base changes via Spec(i2"'') Z^^\ where R^'^ is the maximal unramified 

extension of the completion of R = Rq (here we use that Z is excellent). Thus we 
may assume that k,{x^''^) = k,{x) and that Rq is complete and hence that {Xq,Bo) is v- 
admissible. Proposition 12.4 implies that for all q > 0, {Xq,Bq) is v-admissible so that 
■= p%{X(i\ Z^i')) is well-defined and 

(12.5) (3q+i < (3q for all g > 0. 

Note I3q e I/uat! • C M^, where z/*(Jo) = i^*{Jq) = {ni, . . . , n^, oo,. . .) (cf. Lemma 7.6, 
Lemma 6.13 and Theorem 2.10 (3)). Hence the strict inequality may occur in (12.5) only 
for finitely many q. Hence we may assume f3q = for all g > 0. 

In what follows, for a prelabel {g, {z, u)) of Xq with g = {gi, . . . , g^) and z = (2:1, . . . , ^r)) 
and for g > 0, we write 

, s ( I rn(mi-\ \-mq) ^ ^ 

9'''-{9'^\...J^') with = I ^^/-i ' ^^1' 

L 9i -I q u. 

z(^) = (zP,...,zW) With 4^) = I ' ^^J' 

Zi 1 q 

By the completeness of i?o, we can choose a totally prepared and 0-admissible label 
■^0 = {f,y,u)) of {Xq,Bo). By the assumption (a), Pq = (3i implies by Lemma 12.3 (2) 
that the coordinate of {Xq,Aq) must be (1 : — Aq) for some Aq G k. Put Vi — U2 + (poUi 
for a lift (po E R of Aq and prepare {f,y, {ui,Vi)) to get a totally prepared label Aq = 
{g, z, {ui,vi)) of {Xo,Bo). By Lemma 12.5, Aq is 0-admissible and the coordinate of 
(Ao,Aq) is (1 : 0). Lemma 12.2 (1) implies that Ai = {g^-^\ z^^\ {ui,vi/ui)) is a totally 
prepared label of Xi. By the assumption (a), = Pi = P2 implies by Lemma 12.3 (2) 
that the coordinate of (A'i,Ai) is (1 : — Ai) for some Ai e k. Put V2 — Vi + (piul ~ 
U2 + (poUi + for a lift 0i e i? of Ai. Prepare (/, y, {ui, V2)) to get a totally prepared 
label Aq = {h,w, (^1,^2)) of (Aq, Aq). Then Aq is 0-admissible by Lemma 12.5 and A'^ = 
{h^^\ {w^-^\ (mi, ^2/^1))) is a totally prepared label of Xi by Lemma 12.2 (1). Moreover, 
the coordinate of (Ao,Aq) and that of {Xi,Ai) are both (1 : 0). Lemma 12.2 (1) then 
implies that A2 = {h^'^\w'^'^\{ui,V2/ul)) is a totally prepared label of X2. The same 
argument repeats itself to imply the following: 
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Claim 12.7 Assume that the sequence (12.4) proceeds in infinitely many steps and that 
f3q = for all q > 0. Then there exists a sequence 0o? 0i) 02, ■ ■ ■ of elements in R for 
which the following holds: Recalling that R is complete, set 

V = lim (u2 + 001*1 + 011*1 + ■ ■ ■ + 0g-iiii) e R ■ 

q—>oo 

Prepare {f,y,{ui,v))) to get a totally prepared label {f ,y, {ui,v)) of {Xo,Bo). Then 
{f,y,{ui,v)) is 0-admissible and Ag = {f^'^\y^'^\{ui,v^'^^)) is a totally prepared label 
of {Xq, Bq) and the coordinate of (A'g, Ag) is (1 : 0) for all q > 0. Here v^'^^ = v/u[. 



We now write (/, (mi, ^2)) for {f,y,(ui,v)). Lemma 12.2 implies that for all q > 0, 
(/(^), (mi,4^^)) is a totally prepared label of (A'g,;Bg). Moreover (/(«), |/(«), {ui,u^^'^)) 
is the minimal F-subset of containing 



r,(AO(/(^-i),yM, (m,ut'^^))), Tq-.R'^R'; (01,02) ^ (a^ + a^ - m,_i,a2), 



u 



where m^.i is the length of Xq^i. This implies that e'^{f^'^\y^'^\ {ui, ^2 )) = e'^(/, y, 
e^ for all g > (see Definition 10.1), and that 

e{f^'\y'-'\{u,,uf)) = C^(/M,y(''-^),(t.i,4'^-^))) + e«-m,_i 

for all > 1, because m^-i > 1, and e*^ < 1 by Lemma 10.5 and the assumption (a) 
of Theorem 12.6. This implies that the sequence must stop after finitely many steps as 
claimed. 
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13 Proof in the case ex{X) = e^(X) = 2, III: non-trivial 
residue extensions 

In this section we complete the proof of key Theorem 5.38 (see Theorem 13.4 below). 

Let the assumptions and notations be as in the beginning of Case 1 of §11. Let $(Ti, T2) G 
A;[Ti, T2] be an irreducible homogeneous polynomial corresponding to a;' e C = Proj(A;[Ti, T2]) 
(cf. (11.2)). We set 

$ = $(C/i, U2) e k[Ui, U2] C k[Y, C/i, U2] = grji?). 

We assume x' 7^ (1 : 0) so that Ui does not divide Let 

d = deg$ = [i^ix') ■ k{x)]. 

Choosing a lift ^(C/i, U2) e R[Ui, U2] of $ e k[Ui, C/2], set 

= $(mi, M2) e and (j)' = e i?' . 

The following two lemmas are shown in the same way as Lemma 11.1 (1), (2) and (5). 

Lemma 13.1 Let 

y' = {y'l, ■■■,y'r) with y[ = yi/ui, f = (/(,..., fj^) with /■ = 

(1) {y', {ui, (j)')) is a system of regular parameters of R' such thatp = {y', Ui) (cf. (11.3) ), 
andJ'^{f[,...J'^). 

(2) If x' is very near to x, then (/', y\ (mi, 0')) is a prelabel of {X', Z') at x' . 
Lemma 13.2 Assume x' is O-near to x. Setting l'^ — Ib/ui e E! for B e 0{x), we have 

A°(/', y\ {uu 00) = A(/'^, («i, 00) w^th /'^ = (/', l'^ {B e 0{x))). 
Now we state the main result of this section. 

Proposition 13.3 Let 5 = 6{f,y,u). Assume the following conditions: 

(a) d > 2 and there is no regular closed subscheme D C X^^^ of dimension 1 with 

X e D, 

(b) (/, y, u) is v-prepared and prepared at w"*"(/, y, u), 

(c) ins{f)(y^u) is normalized. 

Then there exists a part of a system of regular parameters z' = {z[, . . . ,zl.) C m' such that 
the following holds: 

(1) (/', 2;', (ki, (j)')) is a v-prepared prelabel of {X', Z') at x' , 

(2) P^if, z', (u,, 00) < /3°(/, y, u), a(f', z', (u,, 00) = «(/', y', (u,, 00) ^5-1, 
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(3) z' — y' unless 5 e Z and 5 > 2. In the latter case we have z[ — y[ e {u\ ^) for 
i = 1, . . . , r. In particular {y', ui) — {z', ui) . 

Before proving Proposition 13.3, we now complete the proof of Theorem 5.38. In view of 
Proposition 12.4 and Theorem 12.6 (and its proof), Theorem 5.38 is an obvious conse- 
quence of the following. 

Theorem 13.4 Assume given a fundamental unit of B-permissible blowups (12.1). As- 
sume that K,{xi) 7^ K,{x) and that there is no regular closed subscheme D C X^^^^ of 
dimension 1 with x E D. (E.g., this holds if x is isolated in X^^^^). Assume that {X,Z) 
is Y-admissihle at x (cf. Definition 10.3 (3)). Then, for q = l,...,m, {Xq, Zg) is v- 
admissihle at Xq and 

(3^^{Xq,Zq)<(3^{X,Z). 

Proof By the assumption we can take an O-admissible prelabel A = (/, y, u). By Lemma 
10.4, after preparation we may assume that (/, y, u) is v-prepared and (5-prepared. Let 
{f',y', {ui,(j)')) and {f',z', {ui,(f)')) be as in Lemma 13.1 and Proposition 13.3, applied to 
X ^Xiin place of X ^ X'. By Claim 9.5, we have (cf. (12.2)) 

Pq = {y'l/ur^, y'r/ur^, ui) for 5 = 1, . . . , m - 1. 
By Proposition 13.3 (3) and since S{f,y,u) > m by Corollary 9.6, this implies 

(13.1) pq^ {z[/u'i~^,...,zl/ul~^,ui) for g = l,...,m- 1. 
We prepare (/', z', {ui, (f)')) at all vertices and the faces lying in 

{^eK2||A|<|v(/',^',(Ki,0'))l} 
to get a v-prepared and (5-prepared label {g, w, (iti, 0')) of {X^, Zi) at Xi. Note that 

(13.2) Wi-z^e {uD (1 < i < r) for 7 e Z>o, 7 > «(/', z', {ui, 0')) = S - 1. 
By Lemma 10.4, we have 

/5^(5, «;,(«!, 00) =/5''(/',;^',(«i,0'))- 

For g = 1, . . . , m, let 

^(^) = {g['\ g'^^) {gt^^ = g/uT^'-'^), w^^^ = {w^^\ w'^^) (^f = w/ut'^). 

Then (13.1) and (13.2) imply pg = {w^i \ .... wi^\ Ui) for g = 1, . . . , m — 1. For g > 1, 
Lemma 11.4, applied to Xg <— Xgj^i in place of X X' , imphes that Kg := {g^'^\w^'^\ {ui, 4>')) 
is a label of {Xg, Zg) at Xg which is v-prcpared and (5-prcpared. Then we get 

/32 {Xq, Zg) < /?«(^(^), w^'^\ {u„ 00) = ^""{9, w, {uu 00) = /9^(/0 z', {m, 00) 

<(3''{f,y,u)^(3^{X,Z), 

where the first inequality (resp. equality) comes from v-preparedness of (resp. Lemma 
11.4 (4)). This completes the proof of the theorem. □ 
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Now we start the proof of Proposition 13.3. We may write 

(13.3) ^ns{fi)iy,u) = F,{Y) + ^ • Y'' e k[Y, U,, U2], 

\B\<ni 

where Pi^siU) G k[Ui,U2\, for B G Z>q with \B\ < Ui, is either or homogeneous of 
degree 5{ni — \B\). Write 

(13.4) PiAu)^^"'^''^ -QiAu). 

where ej(-B) G Z>o and QiA^) G k[Ui, U2] is either 0, or homogeneous of degree {5 — d ■ 
ei{B)){ni — |-B|) and not divisible by Then we get 

(13.5) insifi)^ = Fii^) + YlQiAU)y''^''^''^ e k[Y, Ui, U2], 
Prom this we compute 

7 (/, y, -") = sup I — f;~rjB\ — ' i^^^^' PiAUj^'^j ■ 

f.oa\ [ d ■ ei{B) + deg^^ Qi,i?(l, ^2) , ^ . ^ ^ nr\ ^ n 

(13.6) = sup < — \l<i< N, QiAU) ^ 

> d ■ sup 1^^^^ \l<i<N, QiAU) ^ ol . 



where deg^^ denotes the degree of a polynomial in k[U2]- Set 

qi,B = QiA'^i' "2) e R and q-j^ = qi,B / uf^'^'''' e R' , 

where QiAUi, U2) e R[Ui, U2] is a lift of QiAU) G k[Ui, U2]. Letting F(y) G R[Y] be a 
lift of f(y) G (13.3) and (13.4) imply' 

(13.7) fi = Fi{y) + y''<W^''hi,B + 9 with VL{g)iy,u) > VL{fi)iy,u) = rii , 

\B\<ni 

By Lemma 8.2(2) this implies 
(13.8) 

/; = fi/uT = Fi{y') + J2 y'^ut'^^''^-^^H<f>T^^H,B + 9' with ^a(^')(.',(«.<^')) > rii , 

\B\<ni 

where A : ^ M ; (oi, 02) ^ -r^^ and 51' = Noting that 

— 1 

(13.9) <s G (i?')"" ^ ^ G 

we get 

a' ■.=a{f', y', ui, 0') = 5 - 1 where 5 := S{f, y, u), 

P' ■.^P{f\y\u,A') = 1 1 < ^ < iv, g,B(t/) ^ o| . 
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The same argument, applied to Ib with B e 0{x), shows 

(13.11) a°(/',|/',wi,0') = 5''(/,l/,«)-l- 
Let v' — v(/', y', {ui, 4>')). Under the identification 

gr^,(i?') = k'[Y', C/i, (y/ = m„,(yO, C/i = m^'(^ii), ^' = 

we get 

(13.12) inAn)^F,(Y')+ Yl ^-r^iUf^'^'r-^^^ ek'[Y',U,,^'] 

ei{B)=p'{ni-\B\) 

where q'^ ^ G A;' := k{x') is the residue class of g-^ G i?'. 

Lemma 13.5 VFe have 

Pif, y, u) > 7+(/, y,u)>d- Pif, y', {u,, 00), 
/3^(/, t^) > l^^'if, y,u)>d- P'^if, y', iu„ 0'))- 

Proof The first inequality holds in general (cf. the picture below definition 10.1) and 
the second follows from (13.10) and (13.6). This proves the first assertion. The second 
assertion follows by applying the same argument to for S e 0{x) in view of Lemma 
13.2. This completes the proof. □ 

Corollary 13.6 If {f',y', (mi,0')) ^■^ solvable at v' , Proposition 13.3 holds. 

Proof Indeed, it suffices to take z' = y' in this case. Proposition 13.3 (3) follows from 
Lemma 11.1 (1). As for (1), Proposition 13.3 (c) implies, in view of (13.5), (13.12), and 
(13.9), that (/', y', {ui, 4>')) is normalized at v' . Hence the assumption implies (/', y' , {ui, (j)')) 
is prepared at v' . It remains to show (2). By Lemma 13.5 it suffices to show P'^{f, y, u) ^ 
0. By (11.1) we have 

/5°(/, y, u) + a^(/, y, u) > 5^(/, y, u) > 1. 
By the assumption (a) and Lemma 10.5, a^{f,y,u) < 1 and hence I3^{f,y,u) > 0. □ 

So for the proof of Proposition 13.3, it remains to treat the case where {f',y', {ui,(f)')) is 
solvable at v'. Assume that we are now in this case. This implies 

(13.13) P':^ Pi f',y',iui, <!>')) eZ>o, 5 :^ 5if,y,u) e Z, 5>2. 

Indeed 5 e Z since a' — S — 1 E Z hy (13.10) and 5 > 1 by the assumption (d). It also 
implies that there exist Ai, . . . , G /c' such that 

(13.14) zn,,(/;) = Fi{Y' + A • ^^'uf) for z = 1, . . . , TV, 

where A = (Ai, . . . , A^). For I < j < r, let Aj{U) = Aj{Ui, U2) e k\Ui, U2] be homoge- 
neous polynomials such that: 

(CI) aj := degAj- < d = deg$. 
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(C2) Aj is not divisible by Ui (which imphes aj — degjj^ ^j(l, ^^2))), 

(C3) A,- = Aj{l, U2) mod $(1, U2) in k' = k{x') ^ A;[C/2]/($(l, C/2)). 

Choose a hft of Aj{Ui, U2) G R[Ui, Ui] of Aj{U) e k[Ui, U2] and set 
aj = Aj{ui,U2) e and a'j — aj/ui^ e R'. 
Then Aj = a^- mod m'. Define 

(13.15) Zj := yj + • ul'^'^^'^"'^ ■ a,- e i?[l /ui] , 

(13.16) 4. := Zj/ui = y'j + (6''^' • n^"^ ■ a^- G R'. 

Note that z[ — y[ G (tii) for i = 1, . . . ,r since 5 > 2 as noted in (13.13). Consider the 
following condition 

(13.17) 7+ := 7+(/, y, u) > d{P' + 1) {(3' := (3{f, y', {u„ 0')))- 
Lemma 13.7 Assume (13.17) holds. Then the following is true. 

(1) We have Zj G R for j = 1, . . . , r and {z, u) is a system of regular parameters of R 
which is strictly admissible for .J. The conditions (h) and (c) of Proposition 13.3 
are satisfied for {z, u) in place of {y, u). 

(2) w+(/, z, u) = w+(/, y, u), v(/, z, u) = v(/, y, u), 
v^(/, z, u) = v°(/, y, u), S{f, z, u) = 6{f, y, u). 

(3) aif ',y',{m, <!>')) ^a{f,z',{u„ 

Pif, y', m, ct>') < Pif, z', u,, 0') < 7+(/, y, u) = 7+(/, z, u). 

By Lemma 13.7, if (13.17) holds for {f,y,u), we may replace {f,y,u) by {f,z,u) to show 
Proposition 13.3. If {f,z,u) is not solvable at \{f,z,u), then we are done by Corollary 
13.6. If {f,z,u) is solvable at \{f,z,u) and (13.17) holds for {f.z.u), then we apply the 
same procedure to {z, u) to get a new system of regular parameters of R. This process 
must stop after finitely many steps, by the last inequality in Lemma 13.7 (3). Thus 
Proposition 13.3 follows from Corollary 13.6, Lemma 13.7 and the following Lemma 13.8. 

Lemma 13.8 Assume that (13.17) does not hold for {f,y,u) and that {f',y',{ui,(j)')) is 
solvable at v' = \{f',y',{ui,(f)')). Dissolve v' as in (13.14) and let Zj be as in (13.16). 
Then (/', z', (mi, 0')) is v-prepared and we have 

/3^(/', z', {u,, 00) < P^'if, y, u), a{f, z', {u,, 00) = «(/', y', {u,, 00) ^5-1. 

Proof of Lemma 13.7. Conditions (13.17) and (CI) imply 

(13.18) 6 - {df3' + aj) >6- d{p' + 1) > 5 - 7+ > for j = 1, . . . , r, 

where the last inequality holds in general (cf. the picture below Definition 10.1). This 
implies Zj G R, and the second assertion of (1) is obvious from (13.15). Let be the 
valuation on it! with respect to (^2). By (13.17) and (CI) we have 

Vu2{,(t>^' aj) = dp' + aj < dp' + d < . 

This together with (13.18) implies that the coordinate transformation (13.15) affects only 
those vertices of A{f,y,u) lying in {(01,02) G ai > 6 — 7+, 02 < 7"^}. This shows 
(2), and that condition (b) of Proposition 13.3 holds for {f,z,u). 
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The first assertion of (3) follows from (13.10) and the equality S{f, y, u) — 5{f, z, u) implied 
by (2). The first inequality in the second assertion of (3) is a consequence of the first 
assertion since \{f' ,y' , {ui, (f)')) ^ A{f' , z' , {ui, cp')). Lemma 13.5 implies ■j~^{f,z,u) > 
P{f',z',{ui,(j)')) and (2) implies ^^{fjZjU) = '-)^{f,y,u), which completes the proof of 
(3). 

It remains to show that condition (c) of Proposition 13.3 holds for {f,z,u). Introduce 
p — {pi, . . . , Pr), a tuple of independent variables over k. For i — 1, . . . , N, write 

^ns{fi)iy,u) = Y^Y'^T.^siU) with r,,B(t/) e k[U] 

B 

and substitute Yi — Zi — pi in ins{fi){y,u) £ k\Y,U] to get 

G,{Z,U,p) = Y,iZ - pfT.^BiU) e k[Z,U,p]. 

B 

By (13.3) and (13.15) we have ins{fi)(z,u) = Gi{Z,U, p)\p=s, where 

S = (Si, ...,Sr) With Si = C/^(''^'+°^-^$^'A,(C/i, U2) e k[Ui, U2] . 

Write 

Gi{Z, U,p) = J2 Z''S,,c{U, p) {S,,c{U, p) E k[U, p]) . 
c 

By condition 13.3 (c) for (/, y, u), i.e., the normalizedness of ins{fi)(y^u), we have Ti siU) = 
if 5 e E^(Fi(F), . . . ,Fi_i(F)). By Lemma 13.9 below, this implies Si^ciU,p)'= for 
C G E^{Fi{Z), . . . ,Fi_i{Z)), which is the normalizedness of ins{f)(zu), i-©-) 13.3 (c) for 
{f,z,u). □ 

Lemma 13.9 Assume given 

G{Y) = Y,GA-Y^e k[Y] = k[Y,, . . . , n], 



and a subset E C Z>q such that E + Z>q C E and that Ga = if A E E. Let p 
(pi, . . . , Pr) be a tuple of independent variables over k and write 



G{Y + p)^J2^K-Y^ with Sk e k[p] . 



Then Sk = if K e E. 
Proof We have 

G(Y + p) 



K 



= EC. 



i=l 

h(A^ 
ki 



A 



i=l k. 



E 

K={kl,...,kr) 



E [GaU' ' 



=1 V^j 



p 



A-K 



Y 



K 
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Thus 

Q..^ (r.TXl 

k. 



AeK+Z<o \ j=l 



A,. 



Now, a Sk ^ for K e E, then there is an A e X + Z^q C with Ca 7^ 0. This 
completes the proof of the lemma. □ 

Proof of Lemma 13.8. Let Fi{Y) e R[Y] be a lift of Fi{Y) e k[Y]. For a tuple of 
independent variables p — {pi, . . . , pr) over R, write 



(13.19) Fi{Y + p) ^ Fi{Y) + ^i,B,D-Y''p'' with K,^b,d & R, 

By (13.16) we have z' — y' + p, where 



\B\<rn 

\B+D\=ni 



(13.20) p^(pi,...,pr) with Pi ^ uf-^cp'f ■ 

Hence (13.19) implies: 

Fi{z') ^ Fi{y') + Yl Ki,B,D-y'''p'' with Ki,B,D e R, 



\B\<ni 

\B+D\=ni 



By (13.8) this implies 



(13.21) = Fi{z') + Y^^'- '")^^^.^ + 9' with VA{g')^y,,^uu4>')) > 

\B\<ni 



where 



Here we set 



ei,B = {<t>T^^h[,BU^t'^^'''-^^^^ - E Ki,B,D-p'' 

\D\=ni-\B\ 

= (0"^ «^l)"-l^la;,s . 



(13.22) = (0')''^Xb - E Ki,B,D-a''' (a' = (ai, . . . , <)), 

|£»|=ni-|B| 

h{B) = e,{B)-{n,-\B\)(5'. 
By (13.10) we have hi{B) > 0. For each B write (in A;[;72]) 

(13.23) $(1, C/2)''^^)gi,B(l, C/2) - 5] '^i,B,DAi^, = $(1, C/2)^*^^^ • Ri,B{^, U2), 

\D\=ni-\B\ 

with A{1,U2) = {A,{l,U2),...,Ar{l,U2)), Ki,B,D = K,^B,D mod m G fc, 

where Cj(i?) G Z>o and Ri,B{Ui,U2) G A;[?7i,?72] is either or homogeneous and not 
divisible by $ nor by Ui. Choose a lift Ri,B{Uu U2) G R[Ui, U2] of i?i,ij(?7i, t/2)) e [/2] 
and set 

T3 t \ ^ TD I I degRi,s ^ -r,i 

ri,B = Ri,B[ui, U2) G -R, Tj^B = ri^B/u^ e -R . 
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Then (13.22) implies 
so that (13.21) gives 

(13.24) /; = Fi{z') + ^ (^' - ;,)S(0')K-|s|)/?'+-^(^)^,("*-l^l)('^-i) . r:_^ + h\ 

\B\<ni 

where v\{h')(^y/^(^ui,ci>')) > ""-i- By Lemma 6.4(3) this imphes f a(/?.')(z',(«i,</'')) noting 
— l/i e ("J^i^^) by (13.16). Now we need the foUowing lemma: 

Lemma 13.10 There exist i e {1, . . . , A'"} and B with \B\ < rii such that Ri^B{U) ^ in 
k[Ui, U2] (which is equivalent to r'^ ^ m'j. 

The proof of Lemma 13.10 will be given later. Using the lemma, we see from (13.24) 
that there is a vertex of A(/', z' , {ui, (f)')) on the line {(oi, 02) £ ai — 5 — 1}. Since 
A(/', z', {u,, 00) C A(/', y', {u,, 4>')) and v(/', y', {u,, 0')) i A(/', z' , {u,, 0')), this implies 

^ ■ ' P':=P{f',y',{m,<P'))<P{f',z',{m,cP')). 
Moreover there exist 1 < i < N and B such that 

C^{B) 



(13.26) /?(/', ^',(«i, 00) =/5' + 



- \B\' 

where Ci{B) is defined by equation (13.23). 

Lemma 13.11 If condition (13.17) does not hold, Ci{B) < rii — \B\ for alii — 1, . . . , N . 

Proof By the assumption we have 'y^{f,y,u) < d{[3' + 1). Then we claim that for all 
{i, B) such that Qi^B ^ 0, 

d ■ h{B) + degu, QiM^, U2)<d- {m -\B\). 

Indeed, recalling bi{B) — ei{B) — (rii — \B\)P', the assertion is equivalent to 

d-ei{B) + degu^Qi,B{l,U2) ^ ^ 
rii |-^| 

and this follows from (13.6). On the other hand, in (13.23) we have 

deg^^ A(l, [/2)^ < \D\ max{deg^^ A,{1, U^) \ l < J < r) < d ■ {n, - \B\) , 
because \D\ — rii — \B\ and deg^j^ ^j(l, U2) — aj < d by (CI). By (13.23), this implies 

degj;, ($(1, U2r^''^R^,B{h U2)) <d-{ni-\B\), 
which implies Ci{B) < rii — \B\ since d — deg^^ $(1, [/2)- CH 
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By Lemma 13.11, (13.26) and (13.25) imply 

(13.27) <(3{f,z',{u,,<jy'))<(3' + l. 

By (13.13) we have G Z so that /?(/', (mi, 0')) ^ Hence {f',z',{ui,(j)')) is not 
solvable at v(/', z', (-ui, 0')). 

We now show (/', z', {ui, 4>')) is normalized at v(/', z', {ui, 4>')). Let 

v" = v(/', z', (u,, 00) and (3" = (3(f, z', (u,, 0')). 
Setting Z' ^{Z[,..., Z'^) with Z[ = iumiz'^), (13.24) implies 

(13.28) ^ 

= Fi(Z') + 5^Z'^^.,c with e A;'[^7i, $'], 
c 

where the first sum ranges over such B that \B\ < m amd (3' + = /3" and 

rii - \B\ 

Jt = {'Pi, ■ ■ ■ ,Jir) with /I,, = • 

r'i,B-r[^B modm' = i?,,B(l,C/2) mod $(1, C/2) G A;' ~ A;[C/2]/($(l, C/2)). 

Let B e £;^(Fi,...,Fi_i). Proposition 13.3 (c) implies Qi,BiU) = (cf. (13.3) and 
(13.4)). This implies that {Fi, . . . , Fjv) is normalized in the sense of Definition 7.11 (1), 
and Lemma 13.9 implies that Ki^B,D ^ for all D in (13.19). Hence i?j^s(l, ^^2) = 
in (13.23) so that f ^ = in (13.28). By Lemma 13.9 this implies that Si^c = if 
C G E{Fi, . . . , Fi_i), which proves the desired assertion. 

Finally it remains to show 

(13.29) /3O(/,/,(^,,,0')) Z/,^)- 
The proof is divided into the following two cases: 

Case (1) 50{f,y,u) = S{f,y,u), 
Case (2) 60{f,y,u)<6if,y,u). 

Note that wc always have 5^{f,y,u) < 6{f,y,u) since A{f,y,u) C A'^{f,y,u). 
Assume we are in Case (1). We have 

(13.30) ^+{f, y, u) < 7+°(/, y, u) < /?«(/, y, u), 

where the first inequality holds by the assumption and the second holds in general. By 
(13.11) and (13.10), the assumption implies 

«^(/', y', («i, 0')) = «(/', y', 0')) = ^ - 1- 

Since the coordinate transformation y' — > z' in (13.16) affects only those vertices lying in 
{(oi, 02) G M^l oi > 5 — 1}, we have 

(13.31) a°(/', z', (ui, 00) > «°(/', y', (ui, 00) = «(/', y', (u^, 00) = 5-1. 



135 



By (13.25) we have 

where the inequahty holds since A(/', z' , {ui, (f)')) C A*^(/', 2;', {ui, (f)')). Thus we get 

^ ■ ^ /?^(r,^',K,0O)</9(/',^',K,0'))- 

On the other hand, from Lemma 13.5 and (13.27), we get 



P" := W, A (u,. ^')) < + 1 < ^-^^ + 1. 

If ^+ := 7+(/, y, u) > 2, then /3" < 7+, which shows the desired inequahty (13.29) thanks 
to (13.30) and (13.32). If 7+ < 2, then Lemma 13.5 imphcs p' := p{f',y',{ui,(p')) < 
7+/2 < 1 so that = since e Z as noted in (13.13). Hence (13.32) and (13.27) 
implies 

/3^(/', z', («i, 0')) < Pif, z', 00) < + 1 = 1. 
On the other hand we have 

(13.33) /30(/, y, u) > 5°{f, y, u) - a°{f, y, u) > S^if, y,u)-l^ S{f, y,u) -1>1. 

Here the first inequality holds in general, the second inequality holds since o;'^(/, y,u) < 1 
by Lemma 10.5 and the assumption (a), and the last inequality follows from (13.13). This 
proves the desired inequality (13.29) in Case (1). 

Assume we aie in Ceise (2). Write S'^ — 5'^{f,y,u). The assumption imphes 

7+0 .- ^+0(/^ u) = 7+^(7/, u). (cf. Definition 10.3) 
By (13.10) and (13.11) it also implies 

a^(/', y', im, 00) = <5« - K «(/', y', («i, 00) = ^-1. 

Since the coordinate transformation y' z' in (13.16) affects only those vertices lying in 
{(oi, 02) e M^l oi > 5 — 1} and 5*^ < S, this implies 

««(/', z', {m, 00) = 5° - K «(/', z', {m, 00). 

and hence 

(13.34) p^if, z', {u„ 00) = /3^(^', (t^i, 00). 
Recall that the 5-face of A'^(/, y, u) is 

A°(/, y, li) n {A e R'l A°(A) = 1} with A° : ^ R; (ai, aa) ^ 

For B e 0(a;), the initial form of Ib along this face is written as: 

(13.35) insilB) = Lb{Y) + ^{UfTBiU), 
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where Lb{Y) e k[Y] is a linear form, sb G Z>o, and Tb{U) G A;[f/] is either or ho- 
mogeneous of degree 5^ — d • sb and not divisible by Note that Tb{U) ^ for some 
B e 0{x). From this we compute 

(13 36) ^ ^ """P {degt/,($(l, U^y^TBil, U^)) \ B e 0{x), Tb{U) ^ O} 

^ ■ ' >d-{sB\BeO{x),VB{U)^Q}. 

Choose lifts Lb{Y) e and Vb{U) e of Lb{Y) e and rB(C/) e 

respectively, and set 

7s = rs(Mi,M2) e i?, and 7^ = 7B/Mf^'^''. 
Note is e m' if and only if rB{U) = 0. (13.35) imphes 

Ib ^ LB{y) + 0*^7s + e with vjyo{e)(^y^u) > VAo{lB)(y,u) = 1- 
By Lemma 8.2 (1), this implies 

I'b = Ib/ui = -Ls(y') + ~V'^''7b + e' with v^,o(e')(^y'^(^uu4,')) > 1, 

A'^iM^^M; (01,02) - 



50-1' 

Substituting y' ^ z' - u{'^(t)''^' ■ a' (cf. (13.16)), we get 

I'b = Lb{z') + «f -V"''7b + -h + e' {h e R'). 
By Lemma 6.4 (3), ^^A/o(e')(j^/,(„j_<^/)) > 1 implies ^;A/o(e')(2',(„i ,</,')) > 1 since we have 

^^A'o(^i - y'i){z',{uu<t>')) = _ 1 > 1 for i = 1, . . . , r 
by (13.16). Hence we get 

/?«(/', («i,0')) = P°iz': («i,0')) = inf {SB I B e 0(a:), rB(^) ^ 0} 
By (13.36) this implies 

/3O(/',^',(^,,,0'))<^< V- 

If 7+0 ^ 0, this implies /?" < 7+^ < P^{f,y,u) as desired. If 7+^ = 0, then p" = 0. On 
the other hand, as is seen in (13.33), we have 

P'^if, y, u) > 5«(/, y, u) - a«(/, y, u) > 5«(/, y,u)-l>0, 

where the last inequality was noted in (11.1). This proves the desired assertion (13.29) 
and the proof of Lemma 13.8 is complete, up to the proof of Lemma 13.10. □ 

Proof of Lemma 13.10 Assume the contrary, i.e., that we have Ri,B{U) = in k[U] for 
all (i, B) with \B\ < rii. Then, for all (i, B) we have 

(13.37) $(1, ^72)'>(^)g,,B(l, U2) = Yl '^^Mh U^f e k[U2] 

\D\=ni-\B\ 
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Write 

(5 - (dp' + aj) may be negative). Multiplying (13.37) by 



;i3.38) P^,BiUl,U2)= Yl K,,b,dT{UuU2: 

\D\=rH-\B\ 



D 



where r(U)^ = H ^j(U)^'- In fact, for the left hand side we note that bi(B) = ei(B) - 

{rii - \B\)P' and that Qi,B{Ui, U2)^{Ui, 172^'^^^ = Pi,B{Ui, U2) is either or homogeneous 
of degree 5{ni — \B\). For the right hand side recall that Aj{Ui, U2) — U^^ Aj{l, U2) and 
that 

^\D\{S-dl3') ^ -|-|- jjDj{S-dl3'-aj) _ jjDj-aj 

In view of (13.19), equations (13.38) and (13.3) imply 

Fi{Y + T{U))=F,{Y)+ {-iy''%,B,DY''T{U)'' 

(13 39) 

\B\<ni 

Now we claim: 

(13.40) 5>dl3' + aj for j = 1, . . . , r, i.e., Tj{U) e k[U] C k[U][U^\ 

Admitting this claim, (13.39) imphes that one can dissolve all the vertices of A{f,y,u) 
on the hne {A e ]R^| ^(^4) = 1}, which contradicts assumption (b). This completes the 
proof of Lemma 13.10. 

It remains to show claim (13.40). We show that Tj{U) G k[Ui.U2] C k[Ui, U2, U{^]. Recall 
from (13.39) that in any case 

(13.41) Fi{Y + r{U)) = tnsifi) G k[Y, U] . 

Denote the variables Yi, . . . ,Yj.,Ui,U2 by Xi, . . . , (so that n — r + 2), and define 
derivations Da '■ k[X] k ior A & Z>q by 

G{X + p) = J2DaG-p^ {G{X)ek[X]), 

A 

where p — (pi, . . . , p„) are new variables. We now apply [H5] (1.2) and [Gi3] Lemmas 1.7 
and 3.3.4 (the assumptions of the lemmas are satisfied by Lemma 13.9 and the normal- 
izedness of {Fi, . . . , F]\f) implied by Proposition 13.3(c)). According to these results, after 
possibly changing the ordering of Xi, . . . , X^, we can find: 

• /, an integer with < f < n, 



Pj for 1 < J < /, homogeneous polynomials in the variables XA,i indexed by A e Z 
and 1 <i < N, with coefficients in k, 
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* Qi ^ 12 ^ ■ ■ ■ Qf, numbers which are powers of the exponential characteristic of k 
(so that Qj — 1 for j — 1, . . . , f if char(/i;) = 0), 

• ipj — Cjj+iXj^]^ + . . . Cj^r^n {cj^v & k, 1 < j < f, j < 1^ < u), additive polynomials 
homogeneous of degree qj, 

such that for i = 1, . . . , iV, we have 

Moreover the equations on the right hand side define the so-called ridge (faite in French) 
F{C^{X)) = F{C{R/J)) of the tangent cone C^{X) = C{R/J) = Spec(gr^(i?/ J)), i.e., 
the biggest group subschemc of Tx{Z) = Spcc(gr^(/?)) = Spec(A;[Xi, . . . , X„]) which 
respects C{R/J) with respect to the additive structure of Tx{Z). Since Dir(i?/J) C 
F{C{R/ J)) and e{R/ J) = e(R/J) = 2 (cf. Definition 1.23) by the assumption, all these 
schemes have dimension 2. Hence we must have f > n — 2 = r. Since Fi{Y) G k[Y], the 
variables Ui and U2 do not occur in the above equations so that f < r — n — 2. Thus we 
get f — r. Hence, after a permutation of the variables Yi, . . . ,Yr, the equations become 

P,{DAFi{Y)) = + ,p^{Y2,...,Yr) 

P2{DaF,{Y)) = Yr + ^2(1^3, ■■■,>;) 

Pr-liDAFiiY)) = + i^r-liYr) 

Pr{DAF,{Y)) = 

This imphes 

Pr{DAFi{Y + v{u))) = y/"^ + Tr{uy^ . 

By (13.41) this gives r^(C/)«'^ e k[U] and hence r^([/) G k[U]. Noting ^Z-^- = + 
. . . + Cj^rYr \ we easily conclude inductively from (13.41) that Vr-i{U), . . . , ^i{U) e A;[C/]. 
This completes the proof of claim (13.40). □ 
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14 Non-existence of maximal contact in dimension 2 



Let Z be an excellent regular scheme and let X C Z be a closed subscheme. 

Definition 14.1 A closed subscheme W <Z Z is said to have maximal contact with X at 
X & X if the following conditions are satisfied: 

(1) xeW. 

(2) Take any sequence of permissible blowups (cf. (5.1)^; 

ly ry T^l ry ''^2 ry ry T^n ry 

Zj — Zjq * Zji < Zj2 Zjn-1 ■* 

u u u u u 

-y -y '^1 -y "^2 -y y TTn -y 

Ji. — y^Q < J^i < ^2 ■* <— ■ • • 



where for any n > 



Zn+l — B£D^{Zn) 

u u 

— B££)^{Xn) Xn 

and Dn C X^ is permissible. Assume that there exists a sequence of points Xn & Dn 
(n = 0,1, . . . ) such that Xq = x and Xn is near to Xn-i for alln >1. Then D„ C Wn 
for all n >0, where Wn is strict transform W in Z^- 

Remark 14.2 The above definition is much weaker than Hironaka's original definition 
(see [AHV]). 

In this section we prove the following: 

Theorem 14.3 Let k be a field of characteristic p > and let y, Ui, U2 be three variables 
over k. Consider Z — — Spec(A;[y, Ui, ^2]) and let X G Z be the hypersurface defined 
by the equation: 

(14.1) f^y' + yuM + <«2(^i + U2Y^ 

where A, a, b, N are integers satisfying the condition: 

(14.2) < a, 6 < p, a + b = p, A > p, p )(A, N > p^A. 

Let X he the origin of Z = K\ and let U <Z Z he an open neighborhood of x. Then there 
is no smooth hypersurface W dU which has maximal contact with X Xz U at x. 

We observe the following consequence of maximal contact, from which we will derive a 
contradiction. Let x E X G Z he as in Definition 14.1. Let R = Oz,x with maximal ideal 
m and residue field k — R/m, and let J C i? be the ideal defining X Xz Spec(i?). 

Lemma 14.4 Assume Z = Spec(i?). Set e = e^i^X) and r = dim(i?) — e, and assume 
that e > 1. Let ti, . . . ,tr be a part of a system of regular parameters of R and assume 
W :— Spec(i?/ {ti, . . . , tr)) has maximal contact with X at x. Let (/, y, u) be a 5-prepared 
label of {X,Z) at x (see Definition 9.1). Assume 5{f,y,u) > 2, and let m > 2 be the 
integer such that 

(14.3) m < 5{f,y,u) <m+l. 
Then the following holds. 
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1 




U 




U 




-1 


■* 


U 




u 


Cjn- 


■1 





(1) {ti . . . , tj) = {ni . . . , Ur) in R/rn^. In particular {t, u) — {ti, . . . ,tr,Ui, . . . , Ue) is a 
system of regular parameters of R. 

(2) m < 5{f, t,u) <m + l so that \5{f, y, u) - 5{f, t,u)\<l. 

Proof Consider the fundamental sequence of permissible blowups as in Definition 5.33 
with B = 0: 

r7 ry T^l ry ""2 ry 

Zj Z/Q < Zj\ i Zl2 < — . . . <■ 

u u u 

V V "V^ ■"'2 V 

Ji. — < Ji-l < ■* — . . . <■ 

t u u 

X ^ Ci ^ C2 ^...^ 

By Corollary 9.6 the integer m in (14.3) coincides with the length of the above sequence. 
Let Wq is the strict transform of W in Zq. By Definition 14.1 we have 

(14.4) Cq C Wq SO that Wq+i ~ Bic^ (Wq) for all g = 1, . . . , m - 1. 

For 1 < g < m, let rjq be the generic point of Cq and let i?^^ = Ozg,r]q with maximal ideal 
m^^. Let Jrig C Rjjg be the ideal defining Xq Spec(i?^g). Write 

/i'^ = f^/ur% y^'^ = Vi/ul, u', = u,lu, {2<i< e), tf~^ = t./ul . 
By Claim 9.5, we know 

(14.5) {f^'^\ y^''\ is a 5-prepared label of of {Xq, Zq) at 7]q ior q < m — 1. 
Claim 14.5 {t^'^\ui) = (4"^^ ■ ■ ■ , &\ui) is a system of regular parameters of R„ . 

Proof Condition (14.4) implies (by induction on q) that the strict transform of W in 
Spec(i?^g) is defined by {t^i \ . . . ,1^,?^) . It also implies that Wq is transversal with the 
exception divisor of Zq — > Zg^i which is defined by (t^i) in Spec{Rjj^). Thus the claim 
follows. □ 

By claim (14.5) we have {y^''\ui) = m^^ = {t'^''\ui) C -R^^. Lemma 14.4 (1) follows easily 
using this fact for g = 1. By Definition 9.1 (2), (14.5) implies S{f^''\y^i\ui) > 1 so that 

f^'^ e m;^ = {t^'^\u,r^ C R,^ {j = l,...,N) 
By Definition 7.2 (3) this implies 

(14.6) 5(f^'i\t^''\ui) >1 ifl<g<m-l. 
On the other hand, we have 

(14.7) S{f^^\t^'^\m)^S{f,t,u)-q. 

Indeed, noting that {t,u) is a system of regular parameters of it! by Lemma 14.4 (1), we 
can write, as in (6.3): 

fi=Yl ^^'^'^ ^''''^ ^'^^ ^^'^'^ ^ u 

(A,B) 
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We compute 

(A,B) 

u — U2 ■■■Ug tor ^4 = (Oi, 02, . . . , Oej- 

Noting that K,{r]q) = -Rr/q/tn,,^ ~ k{u') — k{u[, . . . , u'^) and that R — > i?^^ — > K,{r]q) factors 
through k (see Claim 9.5), we see 

5U^'^\t^'^\u,) = min{ '^'+^^'^'7^'^ I \B\ < n„ Q,a,b ^ 0} 

Ui — \ti\ 

= S(f,y,u) - q. 

Now (14.6) and (14.7) give us 5{f,t,u) > m. As {f,y,u) is 5-prcpared, Theorem 7.16 
imphes 5{f, y, u) > 6{f, t, u). Thus we get m < 5{f, t, u) < 6{f, y,u) < m + 1 and Lemma 
14.4 (2) is shown. □ 

Now we start the proof of Theorem 14.3. Let x be the origin of Z = A| and let R = Oz,x 
with the maximal ideal m. Write u = (mi,M2)- 

Claim 14.6 (/, y, u) is a S-prepared label of {X, Z) at x and 5{f, y,u) — A + 1. 

Proof From (14.1) and (14.2) one easily checks that /Dira;(X) = {Y) with Y = irij^iy) 
and that A(/, y, u) C is the polyhedron with the two vertices 

ah a b 
p p p p 

Since these vertices arc not integral points, the polyhedron is 5-prepared. We have 
S{f,y,u) = A + 1 > 1 as a + b = p and the claim follows from Definition 9.1 (2). 

□ 

We will use three sequences of permissible blowups: 

Sequence I: First consider n : Z' = Blx{Z) Z and the strict transform X' C Z' of X. 
Look at the point x' G Z' of parameters 

[y ,ui,v) = (— ,ui,H ). 



Let R' — Oz',x'- Then X' Xz> Spec(it!') is defined by the equation: 

£l f IP , I 2N—P+1/ T\N , pA r>A/ -i\b 

f ^^y +yui (^ - 1) +u{ [v-i) . 



Using (14.2), one can check that A{f' ,y' , {ui,v)) has the unique vertex {A, A) so that 
Kf'^y': (^1)^)) ~ ^A > 1. Hence x' is very near to x by Theorem 8.6. By Theorems 
8.1 and 8.3, / is a (ui, ^;)-standard base and {ui,v) is admissible for J = (/) c R. On 
the other hand, {f',y',{ui,v)) is not prepared at the vertex and we dissolve it by the 
coordinate change 

z:=y' + eu^v^. {e^ = {-if) 
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Setting A = - 1)^ e R"" and = v-'^{{v - if - e^) e R"" , we compute 

(14.8) f' = zP + A^wf -^+^ + /x<V^+^ - Xeuf-^+'+\^. 
Using (14.2), we see that A(/', z, {ui, v)) is the polyhedron with three vertices 

p p p p — 1 

and that the 5-face of A(/', z, {ui, v)) is the first vertex. In fact, we have 

2N-P+1 + AA ^ ^1 ^ 2N ^ ^ ^1 

h — >A + A+- and 1>A + A+-. 

p p p P — 1 P 

Since this first vertex is not an integral point, the polyhedron is 5-preparcd. We have 
S{f', z, {ui, v)) = 2A + ^ > 1. Hence (/', z, (mi, v)) is a 5-prcpared label of (X', Z') at x' 
by Definition 9.1 (2). 

We now extend tt : Z' ^ Z to the following sequence of permissible blowups: 

„ TT TTl „ 7r2 ,7 

Zj < Zi < Zji < Zj2 ^ — . . . ^ Zp 

u u u u u 

TT vri 7r2 TTp „ 
y\ < y\ < JVi < yv2 — • • • ^ 

X ^ X ^ 1_ ^ ^ ... ^ 

Here Zi = B£x'{Z') and Zg^i = Bix^{Zq) {q = 1, . . . ,p — 1) where Xq G Zg is the unique 
point lying on the strict transform oi {z — v — 0} G Spec(i?'), and Xq C Zg is the strict 
transform of X. For q — 1, . . . ,p, write Rg — Oz^^xq ^-nd 

By convention we write Xq — x'. 

Claim 14.7 For q — 1, . . . ,p, Xg is very near to Xg_i, (Z^^-*, z'^'^\ (mi, v^''^)) is a 5-prepared 
label of {Xg, Zg) at Xg, and the S-face of A{f^'^\ z^''\ {ui,v^'^^)) is the vertex 

(A + q{A-l + -),A+-). 

P P 

Proof By induction on q, one easily shows that system of regular 

parameters of Rg. From (14.8), one computes 

(14.9) /(^) = {z^'i^r + Az(^)tif + +5(^^+i-f)(^W)M+i 

- Ae^-^+'+^+^^^-^V^^y • 

This implies f^'^^ E Rq and Xq Xz^ Spec(Rq) = Spec(Rq/ (f^''^)). It also implies the last 
assertion of the claim by noting (14.2). In fact, for the vertex coming from the second 
term we have 

2N 1 1 

-l-q> A + q{A-l + -)+A + - for 0<q<p 



p — 1 P P 
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(see the worst case q — p), and the case of the last term is even simpler. Since the vertex 
in the claim is not an integral point, {f^'^\ z^'^\ {ui, v^'^^)) is (5-prepared. Noting A> p, we 
get 

5{f'\y^'\ {u['\u2)) = l + A + q{--l)>l + a. 

P 

Now the claim follows from Theorems 8.6, 8.1, 8.3 and Corollary 7.17 as before. □ 
Sequence II: We consider the following sequence of permissible blowups: 



ry rj rj T^l ry ''^V ry 

Zj — Z'o < Zjx < Zj2 <— . . . < Zjp 

U U U U 

p 



■y \r \r '!^2 -y -y 

^ — ^0 ^1 ^2 ■* — ■ ■ ■ 

T T T t 

X — Xq ^ — X^ ^ — X2 ^ — • • • ^ — Xp 

Here Z^+i = Bixg{Zg) {q = 0, . . . ,p — 1) where Xg G Zq is the unique point lying on the 
strict transform of {y = U2 = 0} G Spec(i?), and Xg C Zg is the strict transform of X. 
For g = 0, . . . ,p, write Rg = Ozg,xg and 

Claim 14.8 For q = 1, . . . ,p, Xg is very near to Xg-i, and {f^'^\y^'i\{ii~^\u2)) is a 6- 
prepared label of{Xg, Zg) atXg, and A{f^'^\y^'^\ {u^^\u2)) is the polyhedron with the unique 
vertex 

{-,- + A + q(--l)). 
p p p 

Proof By induction on q, one easily shows that (y^'^\ (u^^\u2)) is a system of regular 
parameters of Rg. From (14.1), one computes 

This shows /*^'^ G Rg and it is an equation for Xg Xz^ Spcc(i?g). The last assertion easily 
follows by noting (14.2). As p /a, the polyhedron is (5-prcpared. Then we get 

S{f^^\y^''\ {u'f\u2)) ^l + A + q{--l)>l + a. 

P 

by noting A > p > q and p — a + b. Now the claim follows from Theorems 8.6, 8.1, 8.3 
and Corollary 7.17 as before. □ 

Sequence III: This is the sequence of permissible blowups, which looks the same as the 
sequence II, except that now Xg G Zg is the unique point lying on the strict transform of 
{y^Ui^O} G Spec(i?). 

Now assume that there exists s G m — such that 

(*) W := Spec(-R/ (s)) C Spcc(i?) has maximal contact with X Xz Spec(i?) at x. 

Then we want to deduce a contradiction. Let R = k[[y,Ui,U2]] be the completion of R. 
It is easy to see that the assumption (*) and Claims 14.6, 14.7 and 14.8 hold even after 
replacing R with R. Thus we may work with X Spec(i?/ (/)) and W = Spec(i?/ (s)) C 
Z — Spec(i2) which has maximal contact with X at the closed point x G Spec(i?). 
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Claim 14.9 There exists t e R such that (s) — (t) C R and 

t = y ^ R where 7 e n'^"^'''. 
Here n = (i^i, ^2) C k[[uW — k[[ui,U2]] C R. 

Proof By Lemma 14.4 (1) and Claim 14.6, we can write es = y + a with e E and 
a e m^. Noting R — k[[y,Ui,U2]] = k[[t,Ui,U2]], we can write 

a = 7 + 6 with 7 e n^, b e sRn m^R. 

Setting t — es — h, this imphes y — t-\-^ and (s) = {t) e R. Prom (14.1) we get 

(14.10) f = t^ + tu^u^ + ululiui + U2y^ -Y- 7«W- 

Prom Definition 7.2 (3), this imphes 

5(/, t,u) < c = max{i| 7 e n*}. 

Since 5{f,y,u) = A + 1 by Claim 14.6, Lemma 14.4 (2) implies A < 5{f,t,u) and hence 
c> A-\-l. This completes the proof of the claim. □ 

To ease the notation, we write i?, X, Z for R, X, Z in what follows. Write 

7 = r + ^ with 9 e n"^"*"^ and F = or F e 1^2] homogeneous of degree A + 1, 

and let C = max{m e N U {00} \ {ui + M2)"'|r}. There are two cases: 
Case C ^ A: In this case (14.10) implies 

/ = + i« + {u^ + U2y''H{ui, U2) + 0, 

where B — min{C, A}, and H{ui, U2) G M2] is homogeneous of degree p{A + 1 — B) 
which is not divisible by ui-\-U2, and e tT^(^+2)_ 

Now we consider the sequence I. Let t' — t/ui and t^'^^ — t' /u\. By the same argument as 
in the proof of Claim 14.5, we can show that {t' , ui, v) (resp. {t'''^\ui, v^"^^)) is a system of 
regular parameters for R! — Oz',x' (resp. Rq — Ozq,xq)- We compute 

/' = t'" + Xt'uf'-^^' + ii'ufv^'' + 

where A = (^; - 1)^ e R"" , and ^x' = //(1, 1*2/1*1) e k[v] C i?', and 0' = e 
/c[[iti, W2]][f] C R'. Note e R!^ since H{ui,U2) is not divisible by + W2. Prom this 
we compute 

By Definition 7.2 (3), this implies 

5(/(«), (lii, t;(«))) < a + ?(S - 1) + S. 
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p 



B 



faster under blow-ups 




true polyhedron A(/, z, {ui,v)) 



slower 



"phantom polyhedron" A (/, t, (iii, v)) 



A 



Setting cxg = 5{f^'i\z^'i\ (mi,^^^))) - 5{f'^i\t'^i\ and noting A>B,we get 

ag > (A + q{A - 1 + -) + A + -) - (A + q{B - 1) + B) > 

from Claim 14.7. Hence ag > 1 for q = p, which contradicts Lemma 14.4(2) since 
(^f(i\ z^'^\ {ui,v^'^^)) is a 5-prepared label of {Xg, Zg) at Xg and the strict transform Wg C 
Spec{Rg) of has maximal contact with Xg Xz^ Spec(i?g) at Xg by Definition 14.1. 

Case C — A: There exist ci, C2 G /c with ci ^ C2 and (ci, C2) 7^ (0, 0) such that 

7= (ui + U2)^{ciui + C1U2) +9 with ^ e n^"*"^ C A;[[ui, 1*2]]. 

From (14.10) we get 

f^tP + tU^U^ + {Ui + U2y''{u1ul - (CiMi + C2U2)^) + 0, 

where 4)^-9^- 7<w^ e nf(^+2). 

Assume C2 7^ and consider the sequence II. Let i^^^ = t/M2- By the same argument as in 
the proof of Claim 14.5, we can show that {t^'^\u^^\u2) is a system of regular parameters 
of Rq = Ozq,xq- We compute 

where 0' = 0/^2^'^^^'* G -R^ and 

e = {u^\t' + 1)^^((^S'^))'^^?^-^) - {c^u^^ul-' + C2)^) G i?,^ 
Here we have used a + b = p. By Definition 7.2 (3), this implies 

S{f''\t^''\{u^^\u2))<A + l-q. 
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Set Gq = 5{f^i\z^i\ {ui.v^i))) - 5{f('i\t(i\ {ui,v('i^)). Then Claim 14.8 implies 

a,>{l + A + q{^-l))-{A + l-q)>^. 

Hence aq > 1 for q = p, which contradicts Lemma 14.4 (2) by the same reason as in the 
previous case. 

It remains to treat the case ci 7^ 0. By symmetry, the proof is given by the same argument 
using the sequence III instead of II. This completes the proof of Theorem 14.3. 
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